ON LEVEL ZERO REPRESENTATIONS OF 
QUANTIZED AFFINE ALGEBRAS 

MASAKI KASHIWARA 

Abstract. We study the properties of level zero modules over 
quantized affine algebras. The proof of the conjecture on the cyclic- 
ity of tensor products by Akasaka and the present author is given. 
Several properties of modules generated by extremal vectors are 
proved. The weights of a module generated by an extremal vector 
are contained in the convex hull of the Weyl group orbit of the 
extremal weight. The universal extremal weight module with level 
zero fundamental weight as an extremal weight is irreducible, and 
isomorphic to the affinization of an irreducible finite-dimensional 
module. 
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1. Introduction 

In this paper, we study the level zero representations of quantum 
affine algebras. This paper is divided into three parts, on extremal 
weight modules, on the conjecture in |l] on the cyclicity of the tensor 
products of fundamental representations, and on the global basis of the 
Fock space. 



In ||12|| , as a generalization of highest weight vectors, the notion of 
extremal weight vectors is introduced, and it is shown that the uni- 
versal module generated by an extremal weight vector has favorable 
properties: this has a crystal base, a global basis, etc. The main pur- 
pose of the first part (§ — § 1^) is to study such modules in the affine 



case and to prove the following two properties. 

(a) If a module is generated by an extremal vector with weight A, 
then all the weights of this module are contained in the convex 
hull of the Weyl group orbit of A. 

(b) Any module generated by an extremal vector with a level zero fun- 
damental weight Wi is irreducible, and isomorphic to the affiniza- 
tion of an irreducible finite-dimensional module W{wj) (see The- 
orem |5.15| and Proposition |5.14| for an exact statement). 
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In the second part, we shall prove the following theorem Q which is 
conjectured in flj and proved in the case of A n 1] and C { n\ 

Theorem. If ' a u /a u+ i has no pole at q = [y = 1, . . . ,m — 1), then 
W{wi^) ai g) • • • ® W(wi m ) am is generated by the tensor product of the 
extremal vectors. 

In the course of the proof, one uses the global basis on the tensor 
products of the affinizations of W(vji u ), especially the fact that the 
transformation matrix between the global basis of the tensor products 
and the tensor products of global bases is triangular. 

Among the consequences of this theorem (see § |9|), we mention here 
the following one. Under the conditions of the theorem above, there is 
a unique homomorphism up to a constant multiple 

W(w tl ) ai <g> ■ ■ ■ ® W{w im ) am — > W(w im ) am ® ■ ■ ■ <g> W(w h ) ai , 

and its image is an irreducible L^(g)-module. This phenomenon is 
analogous to the morphism from the Verma module to the dual Verma 
module. Conversely, combining with a result of Drinfeld (@j), any 
irreducible integrable £7'($j)-module is isomorphic to the image for some 
{(ii, a{), . . . , (i m , a m )}. Moreover, {(ii, a{), . . . , (i m , a m )} is unique up 
to a permutation. 

In the third part (§ |T2|), we prove the existence of the global basis 
on the Fock space. 

The plan of the paper is as follows. In § § — § we review some of 
the known results of crystal bases. Then, in § we give a proof of (a) 
and (b). 

In § [| we prove a sufficient condition for a module to admit a global 
basis: very roughly speaking, it is enough to have a global basis in 
the extremal weight spaces. In § ^|, we review the universal i?-matrix 
and the universal conjugation operator. After introducing the notion 
of good modules (rudely speaking, a module with a global basis), we 
shall prove in § |9| the above theorem in the framework of good modules 

After preparations in § |i~0|-§ |TT| on the combinatorial i?-matrix and 



the energy function, we shall prove in § the properties of good mod- 
ules which are postulated for the existence of the wedge products and 
the Fock space in ||13|| . Finally, we shall show that the Fock space ad- 
mits a global basis. In the case of the vector representation of g = An , 
the global basis of the corresponding Fock space is already constructed 
by B. Leclerc and J.-Y. Thibon [|14[] (see also [|1|, plfl). 



1 M. Varagnolo-E. Vasserot (Standard modules of quantum affine algebras, 



math. Q A/0006084) prove the same conjecture in the simply-laced case by a dif- 



ferent method. 
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In the last section, we present conjectures on the structure of V(A). 

Acknowledgements. The author would like to thank Anne Schilling 
who kindly provided a proof of the formula ( p.2|) . 



2. Review on crystal bases 
In this section, we shall review very briefly the quantized universal 



enveloping algebra and crystal bases. We refer the reader to H, 0, 12 



2.1. Quantized universal enveloping algebras. We shall define 
the quantized universal enveloping algebra U q (g). Assume that we are 
given the following data. 

P : a free Z-module (called a weight lattice) 

7 : an index set (for simple roots) 

(Xi G P for i G 7 (called a simple root) 

hi G P* = Hom^(P, Z) (called a simple coroot) 

(•,'):PxP->Qa bilinear symmetric form. 

We shall denote by (•,•): P* X P — > Z the canonical pairing. 
The data above are assumed to satisfy the following axioms. 

(2.1) (a^aij) > for any i G 7, 

(2.2) (hi, A) = A ] for any i G J and A G P, 

\Cti, OLi J 

(2.3) (aj, Qjj) < for any i, j E I with i 7^ j. 

Let us choose a positive integer d such that (a*, a$)/2 G Zrf -1 for 
any i E I. Now let g be an indeterminate and set 

(2.4) 7T = Q(g s ) where g s = q 1/d . 



Definition 2.1. The quantized universal enveloping algebra £/q(g) is the 
algebra over K generated by the symbols e^, f\ (i G 7) and q(h) (h G 
d~ip*~j w jth the following defining relations. 

1. q(h) = 1 for /i = 0. 

2. g(/n)g(/i 2 ) = ?(/n + ^2) for /ii, /i 2 g d^P*. 

3. q{h)eiq{h)~ l = qv 1 ' 01 *) e i and qih)fiq(h)^ 1 = q~\ h > a *) f i for any 
z G 7 and ft, G d~ l P*. 

t-r 1 

4. [e,,/.] = <L- ^r- for i, j G 7. Here q { = q( a ^)/ 2 and t< = 

Qi-Qi 

qi^hi). 
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5. (Serre relation) For i ^ j, 

k=0 k=0 

Here 6 = 1 — (hi, atj) and 

[k]i = (gf - ft fe )/(g; - ft 1 ) , = ■"[*]« ■ 

Sometimes we need an algebraically closed field containing X, for 
example 

(2.5) K = J2^ 1/n )), 

n 

and to consider U q (g) as an algebra over K. 

We denote by U q (q)q the subalgebra of U q (g) over Q[g s ±:L ] generated 
by the e^'s, the tf n), s (i G J) and g h (h G d~ l P*). 

Let us denote by W the Weyl group, the subgroup of GL(P) gener- 
ated by the simple reflections sf. s$(A) = A — (hi, A)a«. 

2.2. Crystals. We shall not review the notion of crystals, but refer 
the reader to || [9|, 0. We say that a crystal £> over U g (g) is a regular 



crystal if, for any JcJ such that {«j ; z G J} is of finite-dimensional 
type, B is, as a crystal over U q (gj), isomorphic to the crystal bases 
associated with an integrable ?7 g (0j)-module. Here U q (gj) is the sub- 
algebra of U q (g) generated by ej, fj (j G J) and q h (h G d~ l P*). By 



12 1, the Weyl group W acts on any regular crystal. This action S is 



given by 



j{KMQ>)) h if (^,wt(6)> > 0, 
~-(h^t(b)) b if wt (6)> < 0. 



Let us denote by U~(g) (resp. U q (g)) the subalgebra of U q (g) gen- 
erated by the /j's (resp. by the ej's). Then U~(g) has a crystal base 
denoted by B(oo) (@). The unique weight vector of B(oo) with weight 
is denoted by Uoq. Similarly U q (g) has a crystal base denoted by 
B(—oo), and the unique weight vector of B(—oo) with weight is 
denoted by u_oo. 

Let t/> be the ring automorphism of f/ g (g) that sends g s , e», /j and 
q(h) to g s , /j, 6j and q(—h). It gives a bijection £>(oo) ~ £>(— oo) by 
which Uoa, e i} fa, E h ifi, wt corresponds to w_oo, f h e i7 ip h e i7 -wt. 
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Let us denote by U q {o) the modified quantized universal envelop- 
ing algebra ®\epU q (g)a\ (see |L2| ). Then U q (g) has a crystal base 
B(U g (g)). As a crystal, B(U q (g)) is regular and isomorphic to 

|J B(oo)®T x ®B(-oo). 
xeP 

Here, T\ is the crystal consisting of a single element t\ with £i(t\) = 
<Pi(t\) = — oo and wt(i,\) = A. 

Let * be the anti-involution of U q (o) that sends q(h) to q(—h), and 
g s , ej, /i to themselves. The involution * of U q (o) induces an involu- 
tion * on -B(oo), -B(— oo), B(U q (g)). Then e* = * o e { o *, etc. give 
another crystal structure on B(oo), B(—oo), B(U q (g)). We call it the 
star crystal structure. In the case of B(U q (o)), these two crystal struc- 
tures are compatible, and B(U q (g)) may be considered as a crystal 
over £j©0. Hence, for example, £*, the Weyl group action on B(U q (g)) 
with respect to the star crystal structure is a crystal automorphism of 
B(U q (g)) with respect to the original crystal structure. In particular, 
the two Weyl group actions S w and S^, commute with each other. 

The formulas concerning with B(U q (g)) are given in Appendix ||. 

Note that we have always 

(2.6) £i(b) + (p*(b) = e*(b) + <pi(b) > for any b 6 B(oo). 

2.3. Schubert decomposition of crystal bases. For w G W with 
a reduced expression ■ ■ ■ s^, we define the subset B w (oo) of B(oo) 
by 

(2.7) B w (oo) = {f£ ■ ■ ■ f% Uoo ;a 1 ,...,a e e Z> }. 

Then B w (oo) does not depend on the choice of a reduced expression. 
We refer the reader to |TT|] on the details of B w (oo) and its relationship 



with the Demazure module. 
We have (Q) 

(i) B w (oo)* = S w -i(oo). 

(ii) If w' < w, then B w r (oo) C 5 w (oo). 

(iii) If < io, then fiB w (oo) C £>„,(oo). 

(iv) e t B w (oo) C £„,(oo) U {0}. 

(v) If both b and fib belong to B w (oo), then all f*b (k > 0) belong to 
B w (oo). 

Here < is the Bruhat order. Set 



B w (oo) = B w (oo)\( |J ^,(00)). 



ui'<to 
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P. Littelmann (||16||) showed 



B(oo) = [J B w {oo). 



We have 



(2.8) 
(2.9) 



B w (oo)* = 5„-i(oo). 

If SiW < w, then e™ ax L? w (oo) C B StW (oo) 



fiB w {oo) C B w {oo). 
In particular, £j(6) > for any b G B w (oo). 



Here, we use the notation ef^fr = 6. 

2.4. Global bases. Let A C if be the subring of K consisting of 
rational functions in q s without pole at q s = 0. Let — be the auto- 
morphism of K sending q s to qs" 1 - Set Kq := Q[<7 S) <7s -1 ]- Let V be a 
vector space over if, L an A-submodule of V, Loo an A- submodule, 
and Vq a i^Q-submodule. Set L? := L fl fl Vq. 

Definition 2.2 (0). We say that (L , L^, Vq) is balanced if each of L , 
Lqo and Vq generates V as a if vector space, and if the following 
equivalent conditions are satisfied. 

(i) E — > L /q s L is an isomorphism. 

(ii) E — > L QO /q s ^ 1 L 00 is an isomorphism. 

(iii) (L fl Vq) © (qs^Loo fl Vq) — > Vq is an isomorphism. 

(iv) A ® Q £ -> L , 1 Oq £ -> Loo, Kq® q E ^ Vq and LT <g> Q £ -> V 
are isomorphisms. 

Let — be the ring automorphism of Lq(g) sending g s , q h , e,, /j to 

9s 1 Q 1 &ii fi- 

Let Lq(g)Q be the LfQ-subalgebra of U q (g) generated by e\ , f\ and 



Let M be a f/^g) -module. Let — be an involution of M satisfying 
(au)~ = au for any a G U q (o) and w G M. We call in this paper 
such an involution a bar involution. Let (L, 5) be a crystal base of an 
integrable U q (g)-modvL\e M. 

Let Mq be a f/ g (g)Q-sub module of M such that 

(2.10) (M Q )~ = M Q , and (u — u) G (g s - 1)Mq for every w G Mq. 

Definition 2.3. If (L,L,Mq) is balanced, we say that M has a global 
basis. 



{£}(*<= p*). 
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In such a case, let G: L/q s L E := L PI L fl Mq be the inverse 
of E L/q s L. Then G 5} forms a basis of M. We call 

this basis a (lower) global basis. The global basis enjoys the following 
properties (|], |10[|): 

(i) = G(6) for any 6 G 5. 

(ii) For any n G Z> , > is a basis of the i^Q-submodule 

(iii) for any i G / and b £ B, we have 

/iG(6) = [l + e^GCft) +X) J ^ G? ( 6 ')- 

6' 

Here the sum ranges over b' & B such that £j(6') > 1 + £»(&). The 
coefficient F^, belongs to g^ 1 Q[g s ]. 
Similarly for eiGib). 

3. Extremal weight modules 

3.1. Extremal vectors. Let M be an integrable i7 9 ({j)-module. A 
vector u G M of weight A G P is called extremal (see [fl], |I2"| ) , if we can 
find vectors {u w } w< zw satisfying the following properties: 

(3.1) u w = u for w = e, 

(3.2) if (hi,w\) > 0, then e^-u^ = and f- u ' u w = u SiW , 

(3.3) if (hijwX) < 0, then fiU w = and e^ hl ' wX '' = u SiW . 

Hence if such {u w } exists, then it is unique and u w has weight wX. We 
denote u w by S w u. 

Similarly, for a vector b of a regular crystal B with weight A, we 
say that b is an extremal vector if it satisfies the following similar 
conditions: we can find vectors {b w } weW such that 

(3.4) b w = b for w = e, 

(3.5) if (h h w\) > then e^ w = and f- hi ' wX> b w = b SiW , 

(3.6) if (hi,wX) < then fiV w = and e^'^'b^, = b s . w . 

Then b w must be S w b. 

For A G P, let us denote by V(A) the U q (g)-m.odvie generated by 
with the defining relation that u\ is an extremal vector of weight 
A. This is in fact infinitely many linear relations on u\. We proved in 
pi Qthat V(A) has a global crystal base (L(A), B(X)). Moreover the 
crystal B(X) is isomorphic to the subcrystal of B(oo) eg) ® B(— oo) 

2 In p2[ , it is denoted by y max (A), because I thought there would be a natural 
U q (g)-module whose crystal base is the connected component of -B(A). 
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consisting of vectors b such that b* is an extremal vector of weight —A. 
We denote by the same letter u\ the element of B{X) corresponding to 
u\ G V(A). Then u\ G -B(A) corresponds to Uoo <g> t\ <S> «-oo- 

Note that, for bi<S>tx<S>b 2 G 5(00) <g>t A <S> B(-oo) belonging to B(X), 
one has 

/ 3 7 x e*(bi) < max((/ii, A),0) and v?*(6 2 ) < max(-(/ij, A), 0) 
for any % G J. 

For any iu G W, «a h- > S^-iw^a gives an isomorphism of 
modules: 

\/(A) -^y(^A). 

Similarly, we have an isomorphism of crystals 

^:jB(A)-**B(u>A), 

Here we regard B(X) as a subcrystal of B(U q (g)), and 5* is the Weyl 
group action on B(U q (g>)) with respect to the star crystal structure. 

For a dominant weight A, V(X) is an irreducible highest weight mod- 
ule of highest weight A, and V(— A) is an irreducible lowest weight 
module of lowest weight —A. 

3.2. Dominant weights. 

Definition 3.1. For a weight A G P and w G W, we say that A is w- 
dominant (resp. w-regular) if ((3, A) > (resp. ((3, A) 7^ 0) for any 
(3 G A+ fl w _1 A rc . If A is w-dominant and w-regular, we say that A is 
regularly w-dominant. 

If w — Si e • • ■ Sjj is a reduced expression, then we have 
A 1 ; n w-'A™ = {s h ■ ■ ■ s lk _ x a ik ; 1 < k < £}. 
Hence A is w-dominant (resp. w-regular) if and only if 

(resp. • • -s^A) ^ 0). 

Conversely one has the following lemma. 

Lemma 3.2. For i±, . . . , i\ G /, and a weight X, assume that 

(h ik , s ifc _ 1 s iA; _ 1 • • • A) > for k = 1, . . . ,1. 

Then w — s it - ■ • s^ is a reduced expression. 

Proof. By the induction on I, we may assume that s^ 
reduced expression. If /(w) < /, then there exists k with 1 < k < I 
such that s^ • • • s ik+1 (h ik ) = —h ir Hence 

(^ij) s ij_i ' ' ' s hX) = —{hi k , Si k _ 1 Si k _ 1 Sii A) < 0, 
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which is a contradiction. Q.E.D. 

This lemma implies the following lemma. 

Lemma 3.3. Let Wi, W2 G W and let A be an integral weight. If 
A is regularly W2-dominant and W2X is regularly w\- dominant, then 
£(wiW2) = £(wi) + £(102) and A is regularly W\W 2- dominant. Here 
£: W — > Z is the length function. 

Proposition 3.4. Let A G P and 6 X G B Wl (oo), 6 2 G B W2 (— 00). If 
h :=bi®t\®b2 belongs to B(X), then one has: 

(i) A is regularly w\-dominant and —A is regularly ui2-dominant, 

(ii) £{w l w 2 - 1 )=£{w l )+£{w 2 ), 
(hi) One has 

S* W2 {b l <&t x ®b 2 ) G B w ^ w -t{po) ® t W2 \ ® U—001 
Sl 1 (b 1 ®t x ®b 2 ) G ®t WlX ®B W2W -i (-00). 

More generally if w± = w'w" with £(w\) = £(w') + £(w"), then 

£*// (6l ® *A ® 62) G B w /(oo) <g> ® ^wawW-iC-Oo). 

Proof. Assume lOiSj < u>i. Then c := £*(&i) > by (|2.9|) . Hence 
A) > c> by (P). We have e* max h G B wls .(oo). 

(3.9) b' = S*(b l ®t x ®b 2 ) = (e* max &i)®W«> (e*^' A) " c 6 2 ). 

Hence, A is regularly u^-dominant by the induction on the length of 
Wi. The other statement in (i) is similarly proved. 

(ii) follows from (i) and the preceding lemma. 

In ( |3.9| ), e*^' A ^ _c & 2 belongs to B W2S .(— 00), since (ii) implies w 2 Si > 
tu 2 - Repeating this, we obtain (hi). Q.E.D. 

4. Affine quantum algebras 
In the sequel we assume that q is affine. 

4.1. Affine root systems. Althogh the materials in this subsection 
are more or less classical, we shall review the affine algebras in order 
to fix the notations. 

Let q be an affine Lie algebra, and let t be its Cartan subalgebra 
(assuming that they are defined over Q). Let I be the index set of 
simple roots and let oti G t* be the simple roots and hi G t the simple 
coroots (i G I). We choose a Cartan subalgebra t such that {cti} i& i 
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and {hi} i€l are linearly independent and dimt = rank$j+ 1. Let us set 
the root lattice and coroot lattice by 

Q = ®{Lai C t* and Q v = ®iZh { C t. 

Set Q± = ± J2i ^>o a i an d Q± = ± Yli ^>ohi- Let 5 G Q + be a unique 
element satisfying {X E Q ; (hi, A) = for every i} = Z<5. Similarly we 
define c G Q w + by {h E Q v ; (h, «;) = for every 2} = Zc. We write 

(4.1) <5 = ajCtj and c=^^a^/ij. 

i i 

We take a W-invariant non-degenerate symmetric bilinear form (•, •) 
on t* normalized by 

(4.2) (5,\) = (c,\) for any A Gt*. 

Then this symmetric form has the signature (dimt — 1, 1). We some- 
times identify t and t* by this symmetric form. By this identification, 
S and c correspond to each other. 
We have 

(4.3) a? = — - — di. 

Note that (aj, CKj)/2 takes the values 1, 2, 3, 1/2, 1/3. Hence we have 
for each % 

(4.4) V *' ; G Z or G Z. 

2 

If g is untwisted, then 2/(ai, ctj) is an integer. 

Let us set l* cl = t*/Q5 and let cl: t* — > i* d be the canonical projection. 
We have 

t c *^0(Q/O*- 

ie/ 

Set t*° = {A G t* ; (c, A) = 0} and t*? = cl(t*°) C t* cl . Then t*, has a 
positive-definite symmetric form induced by the one of t*. 

Lemma 4.1. For any a G Q, 

cl : {A G t* ; (A, A) = a and (A, 5) + 0} -> £ \ t*f 

is bijective. 

Proof. Let A G t* such that (A, 5) 7^ 0. 

Setting /x = A + :r<5 for x G Q, we have (/i, /i) = (A + A + x8) = 
(A, A) + 2x(A,5). Hence A + xS has square length a if and only if 
x = {a-(\,\))/2(\,6). Q.E.D. 

As a corollary we have 
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Proposition 4.2. t* endowed with an invariant symmetric form as 
above, simple roots and coroots, is unique up to a canonical isomor- 
phism. 

Proof. For example, take p G t* such that (hi, p) = 1 for any i and 
(p, p) = 0. The preceding lemma guarantees its existence and its 
uniqueness. The aj's and p form a basis of t*. Q.E.D. 

In particular, for any Dynkin diagram isomorphism i (i.e. a bijec- 
tion t: J — ► J such that (h^, a t (j)) = (hi,acj)), there exists a unique 
isomorphism of t* that sends to and leaves the symmetric form 
invariant. 

Let A C t* be the root system of q, and A re the set of real roots: 
A re = A\Z5. For pel* with ((3,(3) ^ 0, we set (3 W = 2(3/ ((3, (3). Then 
A v := {(3 V ;(3 e A rc } U (Zc\ {0}) C t is the root system for the dual 
Lie algebra of q. We set A 11 " = A n Q±. 

Let us denote by A c i the image of A rc by cl. Then A c i is a finite 
subset of t*P, and (A d , 1*°) is a (not necessarily reduced) root system. 
We call an element of A c i a classical root. 

Let 0(t*) be the orthogonal group of t* with respect to the invariant 
symmetric form. Let 0(t*),5 be the isotropy subgroup of 5, i.e. 0(t*)<5 = 
{g G 0(t*) ; g5 = 5}. Then there are canonical group homomorphisms 

cl: 0(t*) a - GL(t* 1 ) and cl : 0(t*) a ^ 0(0- 

The homomorphism cl: 0(t*)s — > GL(t*j) is injective. 

For (3 G A re , let sp be the corresponding reflection A i — ^ A — ((3 V , \)(3. 
Let W be the Weyl group, i.e. the subgroup of GL(t*) generated by the 
Sp's. Since W C 0(t*)s, there are group homomorphisms W — > GL(t*J 
and W -> 0(t*P). 

Let us denote by W d the image of W — > 0(1*°). Then W c \ is the 
Weyl group of the root system (A c i, t*^). 

For ( 6 t*°, we set 

(4.5) T(A) = \+(5,\)t-{t,\)5-^p-{5,\)5. 

Then T belongs to 0(t*) a , and T depends only on cl(£). For ^ G t*[ , let 
us define £(£ ) G 0(t*)<5 as the right-hand side of ( ^5| ) with £ G cl _1 (£ ). 
Then, 



(4.6) t: t*!° — > Ker (cl : 0(t*)<5 — > GL(t* 1 °) ) is a group isomorphism. 




We have 



(4.7) 
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For (3 G t* such that ((3,(3) ^ 0, let us denote by sp the reflection 

Then we have for (3 G t*° such that ((3, (3) ^ 0, 

(4.8) s^ aS s p = t{a(3 v ) . 

There exists i such that 

(4.9) W c \ is generated by {.Si ; i ^ i }. 

If g is not isomorphic to A^J, such an i is unique up to a Dynkin 
diagram automorphism and (a io , a io ) = 2, a io — 0,^ —1. In the case of 

A 2 n, there are two choices of io, two extremal nodes, and (aii , ««„) = 1 
or 4, and accordingly aj = 2 or 1, = 1 or 2. 
For a G A rc or a G A c i, we set 

c a = max(l, - ), 

and q = c ai . Then we have, for any a G A rc 

(4.10) {n G Z;a + n5 G A} = Zc a . 
We set 

(4.11) q c1 = d(g), = ci(Q v ), q = q c1 n q*. 

Here Q v = £ aeA „ ^ ■ 
We have an exact sequence 

(4.12) i _> q -L> w W d — > 1. 

For any ct G A re , let a be the element in Q H Q>ocl(a;) with the 
smallest length. We set 

A = {&;a G A rc }. 

Then A is a reduced root system, and Q is the root lattice of A. 
Reamrk Any afline Lie algebra is either untwisted or the dual of an 

(2) 

untwisted afline algebra or A\^. 

(i) If is untwisted, then Q = Q w cl C Q ch A = cl(A Vrc ), d = a v . 

(ii) If g is the dual of an untwisted algebra, then Q = Q c \ C <5ci, 
A = cl(A re ), = a. 

(iii) If = 42, then Q = Q cl = Q c v 1; A = cl(A rc ) = cl(A Vrc ). For any 
a G A rc , one has 



a 



cl(a) if (a, a) 7^ 4, 
cl(a)/2 if (a, a) = 4. 
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Note that (a — S)/2 G A rc if (a, a) = 4. 
If g 7^ A^, then a = c a a v . 

Proposition 4.3. For £ G 

= E (&o+a* = i E KftOiA* = 5> v >o+- 

/3GA cl /3gA c1 ^gA 

ifere a + = max(a, 0). 

Proof. For /3 G A d , let us denote by f3' the unique element of A + such 
that c\{(3') = 13 and (3'-n5 £ A+ for any n > 0. Note that (f3, f ) G c^Z. 
We have 

t^)- 1 A- f) A + = { 7 G A + ; 7 - ( 7 , £)6 G A"}. 
By setting 7 = /3' + nc^o", it is isomorphic to 

{(/3,n) G A c i xZ;n>0 and /3' + (nc p - e A~} 

= G A cl x Z ; < n < (/3,0M- 

Since (f3,£)/cp is an integer, we have 

*(*(0)= E((^o/c/3) + . 

/3eA cl 

The other statements easily follow. Q.E.D. 
Corollary 4.4. For £ G Q and iu G W c \, 

mwo) = Km). 

Lemma 4.5. For A G P° and (J, eQ, the following two conditions are 
equivalent. 

(i) A and /x are in the same Weyl chamber (i.e. for any a G A re , 
(cl(a),[/) > implies (a, A) > 0). 

(ii) A is t(/j) -dominant. 

Proof. For a G A rc , let us take a' G {a + Z5) D A+ such that cl(a') = 
cl(a) and a' — n5 G" A + for any n G Z>o. Then for a = a' + n5 G A + , 

a G A + n t(/i) _1 A" = a - (a,fi)5 

= a' + (n- (a,fx))5 G A" 

< ra < (a,//). 

(i)=Kii) Now assume a = a' + no" G A + n i(/j) _1 A~. Then < n < 
and (i) implies (a, A) > 
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(ii)=Ki) Assume (a,//) > 0. Then taking n = 0, a' G A + nt(//) -1 A~, 
and hence (a, A) = (a', A) > 0. Q.E.D. 

The following lemma is similarly proved. 

Lemma 4.6. For A G P° and fi e Q, the following two conditions are 
equivalent. 

(i) For any a G A c i, (a;,//) > implies (a, A) > 0, 

(ii) A is regularly t(n) -dominant. 

Let us choose i G / as in (|4.9| ), and let W be the subgroup of W 
generated by {si ; i G I \ {z'o}}. Then W is a semidirect product of Wo 
and Q. 

Lemma 4.7. Let ( 6 Q ane? w G Wo- // £ regularly w-dominant 
then 

l(t(Z)) = l(t(Ow- 1 )+l(w). 

Proof. We shall prove the assertion by the induction on l(w). Write 
w = Siw' with w > w' and i ^ z'o- Then = l(t(O w '~ 1 ) + 

/(w/). Hence it is enough to show t(£)?// _1 > t(t;)w'~ 1 Si, or equivalently 
t{O w '~ la i e A". We have 

t(£ t )w'~ 1 a i = w' X on — (w'^,ai)S. 

Since (w'£, ai) > 0, the coefficient of a io in £(£)u/ _1 atj is negative, and 
hence £(£)u/ -1 a:j is a negative root. Q.E.D. 

4.2. Affinization. We choose a weight lattice Pet* satisfying 

(4.13) ai e P and /i; G P* for any z G P 

(4.14) For every i G /, there exists A; G P such that (hj,Ai) = 5ji. 
We set 

P° = {A G P ; (c, A) = 0}, P cl = cl(P) C and P° = cl(P°). 
We have 

P cl = ® ieI (Zhi)*. 

We denote by U q (g) the quantized universal enveloping algebra with 
P as a weight lattice. We denote by U q (o) the quantized universal 
enveloping algebra with P c \ as a weight lattice. Hence U'(g) is a sub- 
algebra of U q (o) generated by the e^'s, the f^s and q h {h G <i _1 (P c i)*). 
When we talk about an integrable P g (0)-module (resp. Pg(g)-module), 
the weight of its element belongs to P (resp. P c i). 
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Let M be an integrable U' q (g)-modvle, and let M = © Ae p cl M A be its 
weight decomposition. We define a {7 9 (g)-module M af f by 

M aS = © AeP M cl(A) . 

The action of and /, are defined in an obvious way, so that the 
canonical homomorphism cl: M a g — > M is {7g(g)-linear. We define 
the C/g(g)-linear automorphism z of M a g with weight 5 by (Mag 
M cl(A) = M cl{x+S) (M aS ) x+5 . 



A ; 



Let us choose satisfying Q4.9Q with i = and a = 1. Choose 
a section s: P c \ — > P of cl: P — > P c \ such that s(cl(<Xj)) = a« for any 
i G / \ {0}. Then M is embedded into M aff by s as a vector space. We 
have an isomorphism of t/g(g)-modules 

(4.15) M aff ~ K[z, z^ 1 ] © M. 

Here, G ^(fl) and /, G ^(fl) act on the right hand side by z Si0 © e, 
and 2;~ <5l ° © 

Similarly, for a crystal with weights in P c \, we can define its affiniza- 
tion B aS by 

(4.16) B aS = |_|B d(A) . 

asp 

If an integrable L^(g)-module M has a crystal base (L,B), then its 
affinization M aS has a crystal base (L af j, 5 aff ). 
For a G K, we define the f/^(0)-module M a by 

(4.17) M a = M aS /(z - a)M aff . 

4.3. Simple crystals. In [||, we defined the notion of simple crystals 
and studied their properties. 

Definition 4.8. We say that a finite regular crystal B (with weights in 
Pd) is a simple crystal if B satisfies 

1. There exists A G P^ such that the weight of any extremal vector 
of B is contained in W C \X. 

2. (t(B A ) = 1. 

Simple crystals have the following properties (loc. cit.) . 
Lemma 4.9. v4 simple crystal B is connected. 

Lemma 4.10. The tensor product of simple crystals is also simple. 

Proposition 4.11. A finite- dimensional integrable U'Jg) -module with 
a simple crystal base is irreducible. 
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5. AFFINE EXTREMAL WEIGHT MODULES 

5.1. Extremal vectors — afRne case. We prove now one of the main 
results of this paper. In the sequel we employ the notations 

gmax^ = g£i(6) fe) Jm^ b = fVi®^ and s i m il ar ly fo r g*^ and j™. 

Theorem 5.1. For any A G P°, the weight of any extremal vector of 
B(\) is in c\- l c\(WX). 

Proof. We regard B(X) as a subcrystal of B(oo) <8> t\ <8> B(— oo) c 
S(tVfl)). 

We shall show that cl(wt(6)) and — cl(wt(6*)) are in the same W&- 
orbit whenever b and b* are extremal vectors. 
For any b x ® t x ® & 2 , we have 

/T'C&i ® *a ® fc) = b[®t x (g) f™*b 2 for some 6^. 

(For the action of /j max , etc. on B(U q (g,)), see Appendix |B[) Hence, 
any extremal vector b G -B(A) has the form 6i ® ® M -oo after applying 
the ax, s. 

Hence, we may further assume the following conditions on b: 

(5.1) 6 has the form b\ (g) t,\ ® w_oo, 

for any vector of the form 6 1 ®t M ®M„ 00 in {S w S^,b ;w,w'& 

(5.2) H 7 }, the length of wt(6' 1 ) is greater than or equal to the 
length of wt(6i). 

Here, the length of J2i m i a i * s by the definition J2i \ m i\- 

Take i & I. We write Aj = (hi,X) and wtj(fei) = (hi,wt(bi)) for 
brevity. 

Note that we have £*(&i) < max(Aj,0). 

We shall show wt»(&i) > for every z in several steps. 

(1) The case Aj < and Aj + wt,(&i) < 0. 

Since b\ ® t\ (g) lowest weight vector in the i-string, one has 

<Pi(b) = max(y9j(6i) + Aj, 0) = 0, and hence <Pi(bi) + Aj < 0. Simi- 
larly, e*(b) = because b* is a highest weight vector in the z-string. 
Therefore, one has 

The last equality follows from S*Si(b) = (^* fe e i niax 6i) <g> t SiX <S> for 
some fc. 

Hence, the minimality of b± gives 

< (pi(bi) ~ e»(&i) = wt^fti). 
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(2) The case Aj > and Aj + wtj(&i) < 0. 

We shall show that this case cannot occur. In this case, as in (i), 

¥>i(&i) + Ai < 0. 

On the other hand, <p* (b\ ®t\ <g> U-oo) = max(e*(6i) — Aj, 0) = implies 

e*(h) < Aj. 

Hence we obtain (the first inequality by (|2.6| )) 

< e*{b x ) + <pi(bi) = (e<(6i) - Aj) + M&i) + A,) < 0, 
which implies £*{b\) = Aj and <£>j(&i) = — Aj. Then we have 

g* maX (6l ® t A ® «-oa) = (gr^l) ® W ® «-oo- 

Hence, the minimality of wt(6i) implies e*(b\) = 0, and this contradicts 
e*(h) = A, > 0. 

(3) The case A* > and A, + wt^fei) > 0. 

In this case, one has £i{b) = f*(b) = 0, and hence (pi(b) = Aj + wtj(&i), 
which implies ifi(b) — (Aj — = (&i) > 0. Hence we have 

Si£7(&i®*A®u-oo) = ^ <(6) (e* max fci®W®^" £|(6l) «-oo) 

= (^ ( V6l)®W®«-oc 

Hence we have <£>*(&i) > £*(&i), or equivalently wtj(&i) > 0. 

(4) The case Aj < and Aj + wtj(6i) > 0. 
We have immediately wtj(6i) > 0. 

In all the cases we have wtj(fei) > 0. Since wt(&i) is of level 0, one 
has = (c, wt(6i)) = a^wti(bx), which implies that wtj(&i) = for 
every i, or equivalently cl(wt(6i)) = 0. Q.E.D. 

Corollary 5.2. For any A G P, the weight of any vector in B(X) is 
contained in the convex hull ofWX. 

Proof. In the positive level case (i.e. (c, A) > 0), A being conjugate 
to a dominant weight and B(X) is isomorphic to the crystal base of 
an irreducible highest weight module. In this case, the assertion is 
well-known. Similarly for negative level case. 

Assume that the level of A is zero. Note that all vector in B(X) 
can be reached at an extremal vector after applying ef ax and /j max by 



121 . Hence the assertion follows from the preceding theorem. Note 
that cl _1 cl(WA) is contained in the convex hull of WX provided that 
cl(A) ^ 0. Q.E.D. 

The following theorem is an immediate consequence of the preceding 
corollary. 
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Theorem 5.3. Let M be an integrable U'Jq) -module andu a vector in 
M of weight A G P c \. Then the following conditions are equivalent. 

(i) u is an extremal vector. 

(ii) The weights of U' q (g)u are contained in the convex hull ofW c \X. 

(iii) U' q (o)pu = for any (3 G A cl such that (f3, A) > 0. 

In particular, for any A G P, V(X) is isomorphic to the [^(j^-module 
generated by a weight vector u of weight A with (iii) in the above 
corollary and the following integrability condition as defining relations: 

j-i+(h>,x) u = o if ^ X )>0 and e\~ {hi ' X) u = if (h u A) < 0. 
5.2. Fundamental representations. Let us take V G / such that 
(5.3) W c \ is generated by {s,; i ^ V }, and and <2q V = 1. 

Recall that c = Ylii ^^- When g = A^, V is the shortest simple 
root. We set J V — I \ {0 V }- For i G /qv, we set 

Wi = Aj - a, v A v G P°. 

Hence we have P c °j = ©i e / oV Zcl(wi). We say that A G P is a basic 
weight if cl(A) is W^i-conjugate to some cl(wj) {i G Jo v )- Note that this 
notion does not depend on the choice of V . 

Proposition 5.4. Assume that A = Yliej w i f or some subset J of Iqv . 
Then one has: 

(i) any extremal vector of B(X) is in the W -orbit of u\, 

(ii) -B(A) is connected. 

Proof, (ii) follows from (i) because any vector is connected with ex- 
tremal vector. 

Let us prove (i). We use arguments similar to the proof of Theo- 
rem 5J.. Let us take an extremal vector b G -B(A). Among the vectors 
in S w S^,b with the form bi <g> t M <g> -u_oo, we take one such that wt(6i) 
has the smallest length. Then the proof in Theorem |5.1| shows that 
cl(wt(&!)) = 0. Hence, one has 



SiS-ibi^t^^u 



ff^e^ih) ® t Si ^ ® u_oo if m > 0, 
fi^e^ih) ® <g> M_oo if IH < 0. 

In the both cases, the length of b\ remains unchanged after applying 
SiS*. Therefore, applying S' TO /-i5'*,_i, we can assume w' = 1 and /i = A. 

For i G I\ J, we have Aj < 0, which implies e*(bi) = 0. If i G J, then 
Aj = 1 and hence s*{b\) (< Aj) must be or 1. On the other hand, we 
have 

S*(h ® t A (8) it_oo) = e* max &i ® *a ® e*~ e?(6 °u-oo. 
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If E*(bi) = 1, then this contradicts the minimality of wt(&i). Hence 
£*(bi) = for every i G J. 

Thus we have = for every i £ I and hence b\ = Uoo- Thus 



The following theorem is a particular case of the preceding proposi- 
tion. 

Theorem 5.5. If A G P is a basic weight, then any extremal vector of 
B(X) is in the W -orbit of u\. 

We shall now study further properties of B(X) for a basic weight A. 

Lemma 5.6. Let A be a basic weight. Then {w G W; wX = A} is 

generated by {sp ; (3 G A+ , ((3, A) = 0}. 

Proof. We may assume A = Aj — ajAov for some j G Jo v - Since the 
similar statement holds for (W c i, 1*°), it is enough to show that is 
contained in the subgroup G generated by {sp ; j3 G A+ , ((3, A) = 0}, 
provided that ( 6 Q and (£, A) = 0. We have s a $-psp = t{a[3 y ) by 
(|4.8|). In particular, one has t(cp[3 y ) G G whenever (3 G A re satisfies 



(1) The case where q ^ It is enough to show that {£ G Q; (£, A) = 
0} is generated by {cg/3 v ;/3 G A c i, {(3, A) = 0}. In this case, Q has a 
basis {qo^ ; ? G Jo v }- Hence {£ G Q ; (£, A) = 0} is generated by 

(2) The case where jj = In this case, Q = Q = ©j e / f)V Zaj. Hence 

{£ G Q ; (£, A) = 0} has a basis {<5j ; i G Jo v \ {j}}- Hence, the result 
follows from 



Lemma 5.7. For am/ (3 G A rc and any A G P such that spX = X, we 

have Sspiuao <g> t x <g> «_«,) = n^ ® t A ® n_ 00 . 

Proof. Set a A = n^ <8> t A <g> n_oo. We assume (3 G A 1 ^. We shall prove 
the assertion by the induction on the length of (3. If (3 is a simple 
root, it is obvious. Otherwise, we can write (3 = s»7 for a positive real 
root 7 whose length is less than that of (3. We have S S0 = SiS s „ f Si. Set 
H = SiX. Then s 7 /i = \i and hence we have S s „ f a^ = by the induction 
hypothesis. Since SiS*a\ = a M or equivalently = S*a^, we have 



we obtain u\ = S w b. 



Q.E.D. 



09, A) = 0. 




Note that (5 — ctj)/2 is a real root in the last case. 



Q.E.D. 




Si S*a^ — a\. 
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Q.E.D. 

Lemma |5.6| and Lemma [5.7| imply the following proposition. 

Proposition 5.8. Let X be a basic weight. 

(i) If w G W satisfies wX = X, then S w u\ = u\ and S^u\ = U\. 

(ii) For fi G WX, the isomorphism S^: B(X) B(fi) does not de- 
pend on w G W such that fi = wX. 

Here we regard B(X) and B(ji) as subcrystals of B(U q (g)) . 

Reamrk For a general A G P°, it is not true that the extremal weights 
of B(X) belong to WX. For example in A = 2(Ai — A ) in the A± -case 
fofiU\ is an extremal vector with weight A — 5. 

Reamrk It is not true in general wX = X implies S w v,\ = u\. For 
example in the case of g = A^\ and A = Ai + A 2 — 2A , set w% = 
t(aix) = S1S0S2S1 and wi = £(0^) = S1S0S1S2. Then wiX = u^A = A — 5, 
but S Wl u\ ^ S W2 u\. 

Conjecture 5.9. For any A G P, S w u\ = u\ if and only if w G W is in 
the subgroup generated by {sp, ft is a real root such that (ft, A) = 0}. 

Theorem |5.5| and Proposition [5.8| immediately imply the following 
result. 

Proposition 5.10. Assume that X is a basic weight. 

(i) B(X) x = {u x }. 

(ii) B(X) is connected. 

Proof. Let b G B(X)\. Then Theorem |5.5| implies b = S w ux for some 
w G W with wX = A, and Proposition implies S w u\ = U\. Q.E.D. 

In order to show the finite multiplicity theorem for B(wi), we shall 
need the following result. 

Lemma 5.11. Assume X = c^A^ — a^A ) for some i\ G Jo v an d £ 
W C \X. If w G W satisfies l(w) > §W C \ and \i is regularly w-dominant, 
then there exist w', w" G W such that w = w'w" , l(w) = l(w') + l(w") 
and X = w" 11. 

Proof. Let w = s^ ■ ■ ■ s^ be a reduced expression of w. Since / > §W C \, 
there exists < j < k < I such that cl^ • • • s^) = cl^ • • • Si k ). Hence 

Si j+1 ■ ■ ■ s ik = t(£) for some £ G Q \ {0}. Replacing \x with s ik+1 ■ ■ ■ s ie fi, 
we reduce the lemma to the following sublemma. Q.E.D. 

Sublemma 5.12. If £ G Q \ {0} and fi G W C \X is regularly t(£)- 
dominant, then there exists Wi G W such that X = WifM and l(t(£)) = 
l(t(0w^) + l( Wl ). 
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Proof. Let us take w G HV := i £ -^o v ) such that /x = u;A and A is 
regularly w-dominant. By Lemma |4~6| , for (3 G A c i, (/?,£) > implies 
((3, /i) > 0. Hence (j3,w~~ 1 !;) > implies (/3, A) > 0. In particular, 
(/?, A) = (resp. (/?, A) > 0) implies (J3, w' 1 ^) = (resp. (/3, ur 1 ^ ) > 
0). For i E I v \ (aj,^ -1 ^) = because (oij, A) = 0. Moreover 
u> _1 £) > because (a^, A) > 0. Hence we have = cA for c > 
0. Hence u> -1 £ is regularly w-dominant. Corollary ^4.4] and Lemma |4T7 
imply that 

mo) = mw-'o) = mw-'ow- 1 ) + i(w) = i(w) + i(w-H(o)- 

Then the sublemma follows by setting w± = if -1 ^). Q.E.D. 

Proposition 5.13. Let A G P be a basic weight. Then for every £ G P, 
B(X)^ is a finite set. 

Proof. For w6f and ji G H^A, we define a subset A w (/x) of B(U q (o}) 
by 

A«0") = {6 ® t M ® w-oo e P(/i); 6 G P„,(oo)}, 
and then set A M = U^eWA A« (/•*)• Note that A^/i) is a finite set. One 

5(A) C |J S^A^A)). 

We shall first show 

(5.4) 5(A) C |J S* W1 (A W ). 

wieW, 

w£W with £(w)<N 

Here N := (|W cl . 

For b := bi®t^® u_oo in A^, we shall show 

by the induction on £(w) 



w'£W with l(w')<N 



Proposition |L4] implies that \i is regularly w-dominant. We may 



assume £(w) > N. By Lemma |5.11| , there exists u>i = w'w" such that 



l(w) = l(w') + l(w"), w' ^ 1 and A' := w"fi satisfies cl(A') = cl(A). 
By Proposition |3.4| , one has 

S* »(6i ® t„ ® M_oo) = &i ® *A' ® & 2 

with 6^ G B w r(oa) and 6' 2 G B w „-t(— 00). Take z G I such that u>'sj < 
u/. Then A- > implies i = i\. Hence c := e*(b[) < A- = 1. One has 

(5.5) S*(b[ ® t v <g> tV 2 ) = (e* max ^i) ® ® e* A ^ c &' 2 . 
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If c = 1, then A- - c = 0. Take x G W such that b' 2 G B x (-oo). 
Then x < w"~\ since b' 2 G B w „-i(-oo). Since e* max b[ g iV Si (oo), 
Proposition |T4] implies 

S*((e* max b[) ® t s . A ® 6' 2 ) G S w ^ x -i(oo) ® t, SlA ® «-«>• 

Since £(w/sj£ _1 ) < £(w), the induction proceeds. 

Next assume c = 0. Then Aj < for j G implies £*j(b[) = for 

every j G J. Hence 6^ = u^. This contradicts w' ^ 1 and ^ G ^/(oo). 
Thus we have proved ( |5.4| ). 

For /i G WA, set 

c(aO = U A M- 

w£W with i{w)<N 

Taking w G W such that /i = u>A, we set 

CV) := S^C^) C B(\), 
By Proposition |5.8| , C(/i) does not depend on the choice of w. We have 

(i) C*(/i) is a finite set, 

(ii) there is a finite subset F of Q independent of \x such that Wt (C(/i)) C 
/i + F. 

Hence, for any £ G P, 

5(A) € C |J = |J C(A*)e 

MeVKA /^eVKAn(^-F) 

is a finite set. Q.E.D. 

We have thus obtained the following properties of V(A). 

Proposition 5.14. Let A G P° be a basic weight. 

(i) Wt(V(A)) is contained in the intersection of X + Q and the convex 
hull ofWX. 

(ii) dimV A (A) At = 1 for any \i G H^A. 
(hi) dimV"(A)^ < oo for any // G P. 

(iv) wt(y(A))n(A + z5) c wx. 

(v) V{X) is an irreducible U q (g) -module. 

(vi) Any non-zero integrable U q (o) -module generated by an extremal 
weight vector of weight X is isomorphic to V(X). 

Moreover V(X) has a global base. 

For any /i G H^A, let us denote by the unique global basis in 
V^A)^. Since is an extremal vector with weight /i, we have the 
f/ (? (g)-linear homomorphism V{ji) — > V(A) that sends w M G V{ji) to 
G V(X). This homomorphism is in fact an isomorphism. 
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Set X — Wi. One has 

(5.6) {n G Z; Wi + nd £ Wwi} = Zc?j, 

where <ij = (to,, a,). Note that <ij = max(l, («j,aj)/2) e Z except the 
case di = 1 when g = and cti is the longest root. Hence one has 

We have a f/q(g)-linear isomorphism ^(tUj + dj<5) y(tUj). Since 
there is a £7'(g)-linear isomorphism V(ti7i) V iwi + dj5) that sends 
u VJi to we obtain a [7g(g)-linear automorphism Zj of V{wi) of 

weight rfj<5, which sends u VJ% to tt^+d^- 
Let us define the f/g(g)-module W{wi) by 

(5.7) H/(^) = V(wi)/( Zi - l)V{wi). 

The following result is now obvious. 

Theorem 5.15. (i) W{wi) is a finite- dimensional irreducible inte- 
grable U'(g) -module. 

(ii) W{wi) has a global basis with a simple crystal. 

(iii) For any fx e Wt(V(wi)), 

W(wi) c \^) ~ V(zui)^. 

(iv) &imW{zUi) c i {mi) = 1. 

(v) The weight of any extremal vector ofW(wi) belongs to Wc\{vji). 

(vi) Wt(W(rz>i)) is the intersection of c\{wi) + Q c i and the convex hull 
ofWd(zui). 

(vii) K[z l J dl ] ®K[ Zi ] V{wi) ~ W / (ct7j) a ff. Here the action of z X J dl on the 
left hand side corresponds to the action of z on the right hand side 
defined in § 

(viii) V{wi) is isomorphic to the submodule K\z d \z~ di \ ® W{wi) of 
W^(^?)afr as a Uq(Q) -module. Here we identify Wfai)^ with K[z, z 
W\w-) as in (gT| ). 

(ix) Any irreducible finite- dimensional integrable U' q (o) -module with 
cl(tUj) as an extremal weight is isomorphic to W{wi) a for some 
aeK\{0}. 

Proof. The irreducibility of W{vjj) follows for example by Proposi- 
tion [4.11| , and the other assertions are now obvious. Q.E.D. 

We call W{vjj) a fundamental representation (of level 0). 
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6.1. Regularized modified operators. For n G Z and i £ I, let us 

define the operator iv n ) 



(6.1) 
Here 



k>0,-n 



k-1 



ak(t l ) = (-i) k q * {l - n) t>;i[(i- q r 2 n- 



u=0 

Then it acts on any integrable C/ g (g)-module M. Moreover it acts also 
on any C/ 9 (g)Q-submodule Mq. In this sense, iv") has no pole except 
q = 0, oo. Let (L, B) be a crystal base of M. Then we have the 
following result, which says that iv") has no pole at q = either. 

Proposition 6.1. We have F^L C L, and the action of F^ on 
L/q s L coincides with 

Proof. In order to prove this, it is sufficient to prove the following 
statement. For any weight vector u G M with e(u = and m G Z> , 
we have 

Fin) f M u = cf (m+n) u 

) regular at g s = and c(0) = 1. Set tjtt = g-w. 



for some c G if :— ^vys 
Then we can assume 



We have 



/ > n + m. 
a k (k)f^u = a k (qr m )fl m) u. 



Hence 



ft^u = £a fe (^ 2 ™)if + \«// m) 



u 



k>0 
m 



k=0 
m 

E' 

fc=0 



I — m + k 
k 



2mj 


n + m 




I — m + k 


m — k 


i 





r (m—k) 
fi 



ft +n) u. 



Here, 



n 
rn 



[m]j![n — m] 
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is the g-binomial coefficient. Hence it is enough to show that 



A := J2 ak & 



■2m\ 



k=0 



n + m 




I — m + k 


m — k 


i 


k 



e i + qi z[ qi \. 



This follows immediately from the following formula, whose proof due 
to Anne Schilling is given in Appendix |A|. 

m k 1 n+2(j-l) m-k 1 n+2j 

(6.2) a = J2 q ^-n + 2) jj jj " 



fc=0 



3=1 



2j 



Q.E.D. 



6.2. Existence theorem. We shall use the notations and terminolo- 
gies in § |2.4j . Let M be an integrable f/^g) -module, — a bar involution 
of M, and (L, £>) a crystal base of M. Let Mq be a {7g(fl)Q-submodule 
of M such that (M )" = Afo. Set £ := L n X n M e . 



Theorem 6.2. Let S be a subset of P. We assume the following con- 
ditions: 

(i) {(£)£);£ e Wt(M)} is bounded from above. 

(ii) u — u <E (q s — 1)Mq for any u G Mq. 

(iii) Mq generates M as a vector space over K . 

(iv) For any £ <E P \ S, (L^, Lg, (Mq)^) zs balanced. 

(v) y4ny extremal weight (i.e. the weight of an extremal vector) of B 
is in P\ S . 

(vi) q s LnLnM Q = 0. 
Then we have 

(a) (L, L, Mq) is balanced. 

(b) For any n, we have 

f?M= Q(q s )G(b) and e?M = Q(q s )G(b). 

ei(b)>n ipi(b)>n 

(c) Mq = E 5eP \5 tf 9 (fl)Q(Af<,)* and M = J2^P\S ^(s)^- 



The rest of this section is devoted to the proof of this theorem. 

Lemma 6.3. The action of — on E is the identity. 

Proof. For u G E, we have (u - u)/(l - g s _1 ) G q s L fllfl Mq = 0. 

Q.E.D. 

By (vi), the homomorphism E — > L/q s L is injective. Let us denote 
by 5' the intersection of S and the image of this homomorphism. To see 
(a), it is enough to show that B = B'. For b G B', let us denote by Gib) 
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the element E such that b = G(b) modq s L. Note that G{b)~ = G(b) by 
Lemma |6.3| . We shall prove the following statements by the descending 
induction on (£, £): 

(6.3) B$ = B f £, or equivalently, (Lg, L^, (Mq)^) is balanced, 

(6 .4) G(b) - f^ (b)) G(er x b) G E ei( y )>eiW Q[9..ff.- 1 ]G ! (60 far 
any 6 G -B^, 

, fi E Qfe, <b- x ]G{b) = E m >„ /i m) (M Q ) c+mQl 

(6.5) beB o£i (b)>n 

for any n > max(0, —(hi,£)). 

as well as the similar statements replacing with e». 

If (£, £) is big enough, those statements are trivially satisfied by (i). 
Now assuming fl6.3|)-( |BT5"D for £ such that (£,6) > a, let us prove them 
for f with (f , = a. 

Lemma 6.4. Let i El. Set k = max(0, — (hi, £)). 

(a) Ife™ x b G B', then b e B' and 

G{h) _ fl«V»G{Srb) G Qfc' ff. _1 ]G(60. 

In particular, any b G B^ with £j(fo) > k is contained in B' . 

(b) E Qfc, QTW) = E m >„ /, (m) (M Q ) 5+mai /or any n>k. 

Si(b)>n 

The similar statements hold after exchanging e« and fa. 

Proof. Let us prove the lemma by the descending induction on n (in 
the case (a), n means £i(b), and hence n > k). If n is big enough, they 
are true by the hypothesis (i) in Theorem |6.2| . Let us prove (a). Set 
b\ = e™ ax 6. Then u = Fi^G(b{) satisfies b = u modg s L and 



u-f^Gib,) e Y,n<isAs- i ]ft +n) e ( r ) G(b l ) cx;^ B) (AfQW 

m>0 m>n 

The induction hypothesis (b) implies that the last space is contained 



m 



b'eB' s 



Si(b')>n 

Hence we can write u — f i G(b\) = Ey Cb'G(b f ) where b' ranges over 
b' G B' with £i(b') > n and cy G Q[g s ,g s -1 ]. Hence we can write 
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Cy - Q7 = c' b , - d v with c' b , G q s Q[q s ]. Then v := u - Yv c b> G (b') = 
fl G(bi) + J2b'( c b' ~ c b')G{b') satisfies v = v and hence it belongs to E. 
Moreover one has b = v mod q s L. Hence b belongs to B', and G(b) = v. 

To complete the proof of (a), it is enough to remark ef ax 6 G B' when 
£i(b) > k, because (wt(ef iax (6)j, wt(ef iax (6))) > (wt((6), wt(6)). 

Let us prove (b). The left hand side is contained in the right hand 
side by (a) and the induction hypothesis on n. Let us show the opposite 
inclusion. Set rj = £ + ncti with n > k. Then we have (rj,rj) > (£,£), 
and ( |6.5|) holds for rj. Hence we have 

(m q ), c Yl + EA (ml ( M QU. 

£i (6)=0,6eB^ ™>0 

which implies 

ei(6)=0, beB' v m>n 

e»(6)=0 £i(6)>n 
fees; b€B£ 

The desired inclusion follows from (a). 

Q.E.D. 



Lemma 6.5. C B'. 

Proof. Let 6 G -B^. By the hypothesis (v), there exists Xi---X\b 
whose weight is outside S, where X v is ef 1 ^ or /j max . Hence by the 
induction on I we may assume that e™ ax 6 or f^^b is contained in B'. 
Then the preceding lemma implies b G B' . Q.E.D. 

The properties ( |6.3| ) and ( |6.4| ) are now obvious, and (|6.5|) easily fol- 
lows from Lemma 16.41 and Lemma|6\5 . 



Thus the induction proceeds, and we complete the proof of (a), (b) 
in Theorem |6.2| . 

Finally let us prove (c). Set M' = Y.(eP\s U i(d) M i and M Q = 
J2$ep\s Uq(Q)Q(Mo)£. Set V — Ln M' . Then L' is invariant by e, and 

/i. By the hypothesis (v), any vector in B is connected with a vector 
whose weight is outside S. Hence B is contained in L'/q s L' C L/q s L. 
This shows that (L',B) is a crystal base of M', and L'/q s L' = L/q s L. 
Thus we can apply Theorem [J]2]to M' . Hence we obtain L'DL'DMq = 
Lnln M Q , and = K Q ® (Z/ n I 7 H Mq) = Mq. This completes 
the proof of Theorem |Q. 
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7. Universal R-uatrix 
Although we mainly use the following coproduct A in this article 

A(q h ) = q h (g)q h 

(7.1) A(e;) = a ® tr 1 + 1 <g> e < 
A(/») =/i®l + *i®/i, 

we shall introduce another coproduct A = (-®-)oAo- 

A(g h ) = q h (g)q h 

(7.2) A(ei) = e;®t; + l®e; 

=/ 4 ®i+*r 1 ®/i- 

Let Mj, (z/ = 1,2) be a C/ g (g)-module with weight decomposition. 
Let us denote by Mi ® M2 the tensor product of Mi and M2 with the 
C/ g (5) -module structure induced by A, and Mi®M 2 the C/ g (g)-module 
induced by A. 

Then there is an isomorphism 

g" ( ' ' ' ) : Mi®M 2 -> M 2 (g) Mi 

given by 

q- { ■ ' ■ } (a;®?/) = g -(wt(x),wt(i/)) y x _ 
Let us define the ring U+(q)®U~(q) by 

(7.3) C/ 9 + (0)®C/-(fl) = II (W* ® ^"(flW- 

The counits U+(g) -> K and Z7~(fl) -> if induces e: £/+(g) (g) -> 

if. Drinfeld (0) showed that there exists a unique H G U£(#)®U~($) 
satisfying the following properties: 

H o A(a) = A(a) o H for any a G C^(fl), 

normalized by e(H) = 1. Then it satisfies 

(7.4) SoS = SoS = l. 

We introduce the completion of the tensor products as follows. We 

set 

F (A ^)(Mi§M 2 ) = ]J (Mi) A+7 ® (M 2 ) M _ 7 

F >(AiM) (M 1 gM 2 ) = JJ (Mi) A+7 ® (M 2 )„_ 7 , 
7eQ+\{0} 
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and then 

M l ®M 2 = F {X ^ ) (M 1 ®M 2 ) C \{ (M 1 ) x ® (M 2 ) M . 

Sometimes we use another completion Mi®M 2 in the opposite di- 
rection: 

F (AiM) (Mi®M 2 ) = J [ (Mi) A _ 7 ® (M 2 ) 

7GQ+ 

and then 

Mi®M 2 = F {X ^ ) (M 1 ®M 2 ) C JJ (Mi) A ® (M 2 ) M . 
A,/ieP A.^eP 

They have a structure of a L r g (g)-module by A and containing M\ ® 
M 2 as a ?7 g (g)-sub module. 

We denote by Mi®M 2 the same vector space Mi®M 2 with the action 

of U q (g) induced by A. Then M 1 ®M 2 contains M l ®M 2 as a U q (g)- 
submodule. 

We have an isomorphism 

q~^'^: Mi%M 2 - £ ^M 2 ®Mi. 
The operator 3 induces an isomorphism 

M l ®M 2 ^M 1 %M 2 . 

Then 3 sends F (AjjU) (Mi®M 2 ) to F( AiM) (Mi®M 2 ), and 

The homomorphism induced by 3 

M 1A ® M 2/ , ~ F( A ,,)(M 1 §M 2 )/ J F >(M (M 1 gM 2 ) 

— > F (A)M) (M 1 §M 2 )/F >(Ai/i) (Mi§Af 2 ) ~ M 1A <g> M 2jU 
is equal to the identity. 

The intertwiner R univ : Mi§>M 2 -> M 2 <§Mi, called the universal R- 
matrix, is given by by 

(7.6) i? univ : Mi®M 2 -^-> Mi§M 2 ^"'^ M 2 (g)Mi. 

It is an isomorphism. 

Assume that Mi and M 2 have a bar involution. Then (|7.4j) implies 
that 

c univ : .1/, £ .1/, -^-> .U|~.\/ 2 ^> MigM 2 

is a bar involution on Mi®M 2 as observed by G. Lusztig We 
call it the universal bar involution. 
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8. Good modules 

Let us take a finite-dimensional integrable [/'(g)-module M. We 
consider the following conditions on M: 

(8.1) M has a bar involution, 

(8.2) M has a crystal base (L(M), B(M)), 

(8.3) M has a global base, 

(8.4) B(M) is a simple crystal. 

In this paper, we say that a [/'(jj)-module M is a good £/^(0)-module 
if M satisfies the above conditions. The level zero fundamental rep- 
resentations W{wi) is a good £/'(0)-module. A good t/'(g)-module is 
always irreducible (Proposition |4.11| ). 

Let Mi and M2 be good £7'($j)-modules. Then we have 



(Mi) aff g(M 2 ) afr = K[[ Zl /z 2 }} (g) ((Mi) aff ® (M 2 ) aff ). 

K>l/.w] 

(M 2 ) aff ®(Mi) afr = K[[ Zl /z 2 }} (g) ((M 2 ) afr ®(Mi) aff ). 



K[ Z1 /z 2 ] 

Here Zj, is the [7g(0)-linear automorphism of weight 0" on (M u ) a g intro- 
duced in 



Lemma 8.1. K(zi/z 2 ) ®k[z 1 /z 2 \ ((Mi) aff ® (M 2 ) aff ) is an irreducible 
module over K{z x j ' z 2 ) ®k[ Zi / Z;2 ] U q (o)[zf l ,z^\. 



Proof. Since Mi <g> M 2 has a simple crystal base by Lemma |4.10| , it is 
irreducible by Proposition |4.11| . Then the lemma follows from the fact 
that the specialization of (Mi) a fj(g> (M 2 ) a g- at the special point z\j z 2 = 1 
is irreducible. Q.E.D. 

By the result of the previous section, we have the bar involution 

c univ : (Mi) afr §(M 2 ) aff -> (Mi) aff g(M 2 ) afr . 

It commutes with Z\ and z 2 . Let u v be the extremal vector with dom- 
inant weight X u of M v [v = 1, 2), and set u = U\ <8> u 2 . Then we have 
((Mi) aff g(M 2 ) afr ) Ai+A2 = K((z 1 /z 2 ))u. Hence, by fl7J), we have 



(8.5) c umv (u) = ip(zi/z 2 )u or equivalently E(u) = ip{z\j z 2 )u 
for some <p(zi/z 2 ) G K[[zi/z 2 }] with <p(0) = 1. We define 
c norm : (Mi) afr §(M 2 ) aff -> (Mi) aff g(M 2 ) afr 
by c norm = c univ o (^(zi/^)- 1 . Then it satisfies 



c norm («) = u. 
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Lemma 8.2. c norm is a unique endomorphism 0/ (M 1 ) a fj®(M 2 ) a fj sat- 
isfying c norm (-Ui <S> u 2 ) = U\ <8> u 2 and c norm (at>) = ac norm (t>) for any 
a e U q (g)((z 1 /z 2 ))[z± 1 ], v e (M 1 ) afr ®(M 2 ) afr . 

Proof. It is enough to show that a U q (g)[zf l , zf l ]-\meaLT homomor- 
phism 

/: (MtU ® (M 2 ) aff -> (M 1 ) afr §(M 2 ) aff 

vanishes if ®w 2 ) = 0. By Lemma |8.1j , K(z\/z 2 ) ®k\z 1 /z 2 ] (^i)aff ® 
(M 2 ) aff is an irreducible module over K{z\j z%)\z 2 \ ®U q (g). Hence the 
assertion follows. Q.E.D. 

Hence, c norm defines a bar involution on (M 1 ) aff ®(M 2 ) aff , which we 
call the normalized bar involution. In particular we have 

<p(z)<p(z) = 1. 

In the sequel, we use the normalized bar involution to define a global 
basis. 

The universal i?-matrix: 

R uaiv : (M 1 ) aff g(M 2 ) afr - (M 2 ) aff ®(M 1 ) afr 

sends «i <8> w 2 to g _ ^ Al,A2 ^(2;i/2; 2 )-u 2 (g) u\ with the same function (p 
given in CT) . Hence setting R norm = q( Xl < x ^ip(zi/ z 2 )~ 1 R univ , we have 
an intertwiner 

R m : (M 1 ) aff g(M 2 ) afr -> (M 2 ) aff ®(M 1 ) afr 

that sends U\ ® u 2 to u 2 ®u\. We call _R norm the normalized R-matrix. 
Both i?-matrices commute with z\ and z 2 . 

By ( |7.6| ) and (|7.5|), we have, for any e (M^)^, 

(8.6) # norm 0i ® u 2 ) = q^^-^MMM)^ ^ ^ 

mod j [ ((M 2 ) afr ) wt{ „ 2) _ 5 <g> ((Mijjff)^^)^. 
5eQ+\{0} 

We have also 

i? norm : (Mx) afr ® (M 2 ) aff -> K(^/z 2 ) ®^[, lA2] ((M 2 ) afr ® (MOaff) 

^ (M 2 ) afr ®(M 1 ) aff . 

We shall generalize these observations to the case of tensor products 
of several modules. Let M v {y — 1, . . . , m) be a good t/g(g)-modules 
with a crystal base (L U ,B V ). Let (M u ) a s be its affmization. Then 
(M u )af[ has a crystal base ((L u ) a s, {B v ) a s). Let A„ G P be a dominant 
extremal weight of (M v )ag, and u v the extremal global basis with weight 
X u . We denote the canonical automorphism (M v )gff of weight 5 by z„. 
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Then 

M := ®™ =1 (M u ) aS = (M^ ® • • • <g> (M m ) aff 
has a structure of K[zf Y , . . . , z^j-module. Set 

(8.7) M = (Mi)aff ® • • • (8) (M m )aflF, 

(8.8) M Q = (M 1Q ) aff <g> • • • <g> (M mQ ) afr , 

and let (L(M),_B(M)) be the tensor product of the crystal bases of 
the (Af^as's. We set 

M = K[[zi/^2, • • • , Z m ^/Z m }} <g> C=lWaff- 

-^[ 2 l/ z 2,--- ,Z m -l/z m ] 

We set also 

L(M) = A[[ Z1 /Z2, ■ ■ ■ , Zm-i/Zm]] <g> ®™ = i(£„)aff, 

A[zi/z 2l ... ,z m -i/z 

Mq = Q[[Z 1 /Z 2 , . . . ,Z m _! /z m ]] ® ®r=i((^w- 

Q[zi/z2,... ,z m _i/z m ] 

Similarly to the case of the tensor product of two modules, we can 
define the universal bar involution of M by 

= (- (g) • • • (g) -) o J] ~ lJ? 

l<i<j<m 

where is the operator S acting on the «-th and j-th components of 
the tensor product. Normalizing c umv , we obtain the normalized bar 
involution c norm on M. It satisfies, by setting u = u\ <8> • • • <8> u m , 

c norm («) = u. 

Moreover it satisfies for v v G (M u ) a e 

(8.9) c nora >i ® • • • ® v m ) = W®---®v^ 

mod Yl (( M i)afr)wt(^)+6 <8> • • • ® ((M m ) afr ) wtKi)+5m . 

Civ >£rrc 

Here the product ranges over £i, . . . ,£ m £ Q with XlILi £^ = an d 
ELi & G Q + \ {0} (A* = 1, - - - ,m-l). 

Since c norm is expressed by a triangular matrix, the well-known ar- 
gument of triangular matrices implies the following result. 

Lemma 8.3. (i) q s L(M) f](c noim L(M)) f] Mq — 0. 
(ii) For any b = bi <8> • • • b m G B(M), there exists a unique G{b) G 
L{M) such that c noim (G(b)) = G{b) and b = G(b) mod q s L(M). 
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(iii) Moreover G(b) has the form 

G(b) = G{h) ® • ■ • ® G{b m ) +J2 c b'i>->»r n G ( b 'i) ® • • • ® G(*/J. 
/fere t/ie infinite sum ranges over b' x ® • • • ® b' m G B(M) such 

mm fi 

that J2 wt (K) = E wt (M mrf E ( wt <X) - wt(6„)) G Q+ \ {0} 

v=l v=l v=l 

(/i = 1, . . . ,m - 1). Moreover c Vi ...^ m G g s Q[g a ]. 

Later we shall see that this infinite sum is in fact a finite sum. 
Set 

N = U q ( 5 )[zf\ . . . , z^]u. 

Then N is a submodule of M stable by the bar involution c norm . Set 
A = EILi ^v- Then we have 

N x+ z8 ■= ®nezN x+nS = (®™ 1 (M u ) aS )^ 



= ®T=i((M,U) Xu+n = K[zf\ . . . , z* 1 ]^ ® ■ ■ • ® u m ). 
Hence one has 

(8.10) = for any \i G W\ + 7hb. 

Define 

L(N) = L(M) n N, 

Nq = M Q nN, 
B(N) = B(M). 
Then L(N)/q s L(N) C L(M)/q s L(M). 

Lemma 8.4. B(N) is a basts of L(N)/q s L(N), and (L(N),B(N)) is 
a crystal base of N. 

Proof. Since B(N) is a basis of L(M)/q s L(M), it is enough to show 
that B(N) is contained in L(N)/q s L(N). Since every vector in B(N) is 
connected with an extremal vector with weight in A + and extremal 
vectors with such a weight is u up to the action of zf 1 , . . . we 
obtain the desired result. Q.E.D. 

Setting S = Wt(M) \ (WX + ZS), we can apply Theorem O to 



N. The hypotheses in the theorem are satisfied by Lemma |8.3| and 
Lemma |8.4|, and we obtain the following theorem. 



Theorem 8.5. (i) (L(N), c norm L(N), Nq) is balanced. Hence N has 

a global base. 
(ii) N Q = U q (s)Q[z u . . . z m }u. 

Furthermore, Lemma IOI implies the following proposition. 
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Proposition 8.6. For any b u G i?((M I/ ) aff ) {y — 1, . . . m), we have 

G(b! <g> • • • <g> b rn ) = ® • • • ® G(6 TO ) + ^ c 6 / ^G^i) ® • • • <g> G(^ r , 

i/ere t/ie sum ranges over (b[, . . . ,b' m ) G nULi B((M v )as) such that 
EZiMK) = E^iwt(6,) and £JLi(wt(6J,) - wt(k)) G Q + \ {0} 
(/i = 1, . . . ,m — 1). Moreover cy ... .y m G g s Q[g s ] ; anc? Cf,/,...^ vanishes 
except finitely many (b[, ■ ■ ■ , 6^). 

By specializing at z v = 1, we obtain the following proposition. 

Proposition 8.7. TTie tensor product of good U' (q) -modules is also a 
good U'(g) -module. 

9. Main theorem 

The following theorem is conjectured in |IJ in the special case when 
all the M v are fundamental representations. Note that, as seen by the 
proof, the theorem holds even if we consider U q (g) as an algebra over 
the algebraically closed field K := ^ C((g 1 / n )), and a u as elements of 

n>0 

K, and replace A with the subring A := E Cftg 1 /™]] of K. 

n>0 

Theorem 9.1. (i) Let M v {y = 1,... ,m) be good U' g (g) -modules. 
Let a v G K . Assume that a v j a v+ \ G A for v = 1, . . . , m— 1 . Then 
(Mi) ai <g> (M 2 )a 2 ® • • • <g> (M TO ) am zs generated by ux ® ■ ■ ■ ® u m . 
(ii) Assume i/ioi (M u )* (v = 1, . . . ,m) is a good U' q ($) -module, and 
a>v+i/a>v G A /or v = 1, . . . , m — 1. T/ien any non-zero submodule 
of (Mi) ai <g> (M 2 ) a2 (g) • • • <g> (M m ) am contains u 1 ®---<8u r 



Proof. Since (ii) is the dual statement of (i), it is enough to prove (i). 

Let us embed the crystal B u of M v into (-B I/ ) a fr as in Q4.15|) . Let 
ip: (Mi) afr ® • • • <g) (M m ) afr -> (M X ) 01 (g • • • ® (M m ) am be the canonical 
projection. Then ip{G{pi) <g> • • ■ <g> G{b m )) (b v G -Bj,) forms a basis of 
(Mi) ai ® (M 2 ) a2 ® • ■ • ® (M m ) am . Since V(G(&i ® • • • ® 6 m )) are in 
C/'(5)(«i (g) • • • <g) u m ), it is enough to show that they also generate 
(Mi) ttl ® (M 2 ) a2 (g • - • <g (M m ) am as a vector space. 

By Proposition |3.6|, we can write 



G{b x ®---®b m ) = G{bx) ® ■ ■ ■ ® G(b m ) 

+ Y c k b l- k ™G(z k %) ® ■ ■ ■ ® G(z fcm 6^). 

Here, the summation ranges over the set of (b^, . . . ,b' m ) G \~[™ =1 B P 

and (hi, . . . , fc m ) G Z m such that EILi k v — and fci + • • - + Av > 

fei, 



(z/ = 1, . . . , m). Moreover we have cj''.'.'y m G q t 
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On the other hand, we have 
i){G{z k %) ® ■ ■ ■ ® G(z km b'J) 

= (a k ^...a k -)i;(G(b , 1 )®---®G(b'J) 

= (a 1 /a 2 ) k ^a 2 /a 3 ) k ^ • • ■ip{G(b' 1 ) ® • • • ® G(b'J) G L, 
where L = ®b vG B(M„) 

A(G(b 1 )®---®G(b m )). 

Hence we have 

ip(G(b! ® - • • ® 6 m )J = ® • • • ® G(6 m )) modg s L. 

Then Nakayama's lemma implies that {?/>(G(oi <S> ■ • • Cg> 6 m )J ; & v G 
5(M„)} generates (Mi) ai <g> • • • <g> (M m ) am . Q.E.D. 

We can apply the theorem above to the fundamental representations. 

Theorem 9.2. Let a u G and % v G Jo v (i^ = 1, . . . , ?n). 

(i) Assume a v /a v+ \ G A for v = l,...,m — 1. Tnen W^ijai ® 
VT(cc7j 2 ) 02 (8 • ■ • ® W^-nOo™ «s generated by u ro<i ® • • • ® n roim . 

(ii) Assume a u+ i/a v G A /or z/ = 1, ... ,m — 1. T/ien any non-zero 
submodule of W(wiA ai <g> W(tu i2 ) a2 <g> • • ■ <g> W(tu irn ) am contains 

<g> ■ ■ • ® u roim . 

As a corollary of these theorems, we have the following consequences 
as shown in [l]. 

Proposition 9.3. Assume that Mj is a good U' q (g)-module with dom- 
inant extremal vector Uj . The normalized R-matrix 

i?™ rm (x, y) : (Mi) x ® (Mf)j, -> (Mf) y ® (M,) x 

does not have a pole at x/y = a G A. 

Here Rf° im (x,y) is the intertwiner (M*)* <g> (Mj) y -> (Mj-) w ® (M;) x 
so normalized that it sends «j ® «j to Uj ® «j. 

Since this proposition holds even if we replace K and A with K and 
A, we obtain 

(9.1) ipij(x } y) el + A\x/y]q s x/y. 

Here ipij(x,y) is the denominator of i?^° rm (x, y). 

For the sake of simplicity, we assume that Mj as well as its dual M* 
is a good L r '(g)-module, and let Uj be a dominant extremal vector of 

Proposition 9.4. (i) The extremal vector u\ ® • • • ® n m generates 
(Mi) ai ® • • • (8) (M m ) flm and on/ 1 ?/ if Rf° rm (x,y) has no pole at 
x/y = ai/cij for any 1 < j < i < m. 
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(ii) Any non-zero submodule (Mi) ai (g)- ■ ■®{M m ) am contains u\®- ■ -® 
u m , if and only if Rf° rm (x,y) has no pole at x/y = ai/aj for any 
1 < i < j < m. 

(iii) (Mi) ai ® • • -<8> (M m ) am is irreducible if and only if Rf° rm (x, y) does 
not have a pole at x/y = ai/aj for any 1 < i, j < m (i ^ j). 

Proposition 9.5. If M and M' are irreducible finite- dimensional in- 
tegrable U'Jq) -modules, then M <S) M' z is an irreducible U'Jq) -module 
except for finitely many z. 

10. Combinatorial _R-matrices 

Let Mi and M 2 be two good L r '(g)-modules. Let u v be the extremal 
vector of M v with dominant weight {y = 1, 2). 

Let ip(zx/ ' z 2 ) be the denominator of the normalized i?-matrix, nor- 
malized by ip G K[z\/z 2 ] with ipiff) = 1. Then, by (|9.1| ), we have 

(10.1) ip{z) G 1 + q s zA[z}. 

We have an intertwiner 

ij( Zl /z 2 )R™ m : (MOaff ® (M 2 ) aff - (M 2 ) aff ® (M^aff. 

We shall first prove the follwoing proposition. 

Proposition 10.1. 

^(z 1 /z 2 )R m (L(M 1 ) aS ® L(M 2 ) aff ) C L(M 2 ) aff ® L(M x ) aff . 

Proof Set M = (Mi) a g ® (M 2 ) a ff, and let L be the smallest crystal 
lattice of M containing A[z 1 1 , z 2 l \(u\ <8> n 2 ). Then L is contained in 
L(M). Since every vector in B(M) is connected with some z™ux®z 2 u 2 , 
L/q s L —>■ L(M)/q s L(M) is surjective. Hence by the following well- 
known lemma, there exists g such that 

g G 1 + ffaAf^ 1 , ^J 1 ] and gL(M) C L. 

Lemma 10.2. Let R be a commutative ring, a G i? and F a finitely 
generated R-module. If F = aF, then there exists b G 1 + ai? suc/i t/icrf 
6F = 0. 

Let us define M' and V in the similar way as M and L by exchanging 
Mi and M 2 . The operator T = ip{zj z 2 )E aotm : M -> M' commutes 
with 64, /j, ^1, z 2 , and it satisfies T(tii <S>m 2 ) G L(M') by ( |10.1| ). Hence 
we have 

TL C L(M'). 
Taking g as above, we obtain 

gT{L{M)) CTLC L(M'). 
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Since L(M') is a free ^[z^ 1 , z^-module of finite rank, the proposition 
follows from the following lemma. Q.E.D. 

Lemma 10.3. Let F be a free A[zf 1 , zf 1 ] -module, and g an element 
in 1 + q s A[zi, z 2 ]. If u E K®F satisfies gu G F, then u belongs to 
F. 1 

Since the proof is elementary, we do not give its proof. 
As a corollary of Proposition |10.1| and ( |10.1| ), we obtain 



Corollary 10.4. 

i? norm (L((M 1 ) afr §(M 2 ) aff )) c L((M 2 ) aff ®L(M 1 ) aff ). 



Conjecture 10.5. 

^(z l /z 2 )((M 1 ) aS ® (M 2 ) aff ) C E^fObfS^Kui ® w 2 ) 

Set 



AT = ^(g)^ 1 ,^ 1 ]^! ® u 2 ) c (Mi)^ <g> (M 2 ) 



ail' 



N' = U q {g)[zt\zt 1 )(u 2 ®u 1 ) C (M 2 ) aff ® (Mx)^. 
Then i? norm gives an isomorphism 

j^norm . jy/^ 

In § ||, we saw that N (resp. N') has a crystal base (L(N), B(Mi) a g eg) 
B{M 2 ) aS ) (resp. (L(iV'), 5(M 2 ) afr ® 5(71^)). Hence R norm induces 
an isomorphism: 

ff 0mb : B(Mi)aS ® 5(M 2 ) aff ^£?(M 2 ) aff ® S(Mi)aff. 

We have 

i? comb (z6! ® 6 2 ) = (1 ® z)R mmh (b t ® b 2 ), 
i? comb (&i <g> z& 2 ) = (z <g> l) J R comb (6 1 ® 62). 
Hence we have a commutative diagram: 

ncomb 

B (Mi) (g> _B(M 2 ) aff ► -B(M 2 ) aff <g> _B(Mi) af f 

( 10 - 2 ) 1 i 

B(Mi)®B(M 2 ) B(M 2 )®B(Mi). 

Hence one obtains the following proposition. 

Proposition 10.6. If B x and B 2 are a crystal base of a good U'(g)- 
module, then B\ <g> B 2 — B 2 £g> B\ . 
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By Corollary |10.4| , we have 

(10.3) J R norm (G(6 1 ® 6 2 )) = G(i? comb (6 1 <g> 6 2 )). 

Setting i2 oaDafa (6 1 ® 6 2 ) = & 2 ® & i with ^ 6 t e £(M,)aff, we define 

S(bi <g> 6 2 ) = wt(6i) - wt(6i) = wt(6 2 ) - wt(6' 2 ) e Q. 

By flS.6|), we have S(6i ® 62) G := Xlie/ ^>o a *- On ^ ne °ther hand, 
we have S(zibi ® 62) = S(bi ® ^2^2) = St&i ® 62), and hence it induces 
a map: 

(10.4) S: B{M X ) ® 5(M 2 ) -> Q+. 

This map 5 is characterized by the following properties (note that 
B(M 2 ) is connected): 



(10.5) 



0. 



10.6) 



( S(&i b 2 ) 



S(h <g> 6 2 ) 
k 5(6i (8)62) 



a,- 



a,- 



if / f (6i (8 6 2 ) = (/i&i) ® &2 and 

/i(^®6i) = (/i^)®6i, 
iifi(b 1 ®b 2 )=b 1 ®(f i b 2 ) 

Ub , 2 ®b' 1 ) = b' 2 ®cm, 

otherwise. 



11. Energy function 

In this section, we assume that M is good, and we investigate the 
properties of M^® 2 . In this case, we have 

(11.1) R m = lo c norm : M afr <g> M afr -> M aff ®M aff . 

Here I: M afr §M aff -> M aff ®M afr is given by 

1{V „') = g (A^)-(wt(e),wt(i/))^7 g, ^ 

Indeed, _R norm and lo c norm are {7 9 (g)-linear homomorphisms sending 
u (g> u to itself, z (g> 1 to \®z and 1 ® z to z (g> 1. Such a homomorphism 
is unique. 

Similarly the identity being a unique automorphism of B(M)® 2 , 
( |10.2| ) implies that there exists a unique map H : f^M)^® 2 — > Z such 
that 

Hence, one has 

S(bi <g> 6 2 ) = wt(6 2 ) - wt(6 x ) + <g> b 2 )8. 



40 M. KASHIWARA 

We call H the energy function. We have H((zbi) ® 62) = H{b\ <8> 
(z~ 1 b 2 )) = H(bi <8> b 2 ) + 1. It is easy to see that 

B(MU® 2 = YA n& H-\n) 

is the decomposition of B(M)f^ into the minimal regular subcrystals 
invariant by z ® z (cf. ||). 

Embedding B(M) into _B(M) a g as in ( f4.15| ), the energy function 
restricted on B(M)® 2 is also characterized by the following two prop- 
erties: 

H(v ® v) = for any extremal vector v of B(M), 

(Hih^h) if i ^ and fiih ®b 2 ) ± 0, 
#(&i ® 62) + 1 if i = and 

fi{bx ® 62) = (/A) ® &2 7^ 0, 
-H"(6i <8> 62) - 1 if z = and 

fi(bi®b 2 ) = 6 X ® (fib 2 ) ^ 0. 



® 62)) = < 



Set 



iV := L/g(0)[(z®z) ±1 ,z<8>l + l®z](u<8>u) C M 



aff ' 



AT' := Ker (i? norm - 1 : Mf ff 2 -> ® z~ l ) ® K[t9g -x] Mf ff 2 ) . 

Then we have N C N' C M® 2 . Define L(N) = L(M aff )® 2 n and 
similarly for L(N'). Then one has L(N)/q s L(N) C L(N')/q s L(N') C 
^(Mf ff 2 )/g s L(Mf ff 2 ). Set 

^o(M® 2 ) := {&! (8) 6 2 e P(M aff f 2 ; F(6 a ® & 2 ) = 0}. 

Then 

{(z n ® 1)6; n G Z> , 6 G 5 (Mf ff 2 )} U {(1 ® n G Z >0 , 6 G P (Mf ff 2 )} 

is a basis of L{Mf 2 )/q s L{M® 2 ). 

Let us define the subset B' of L{M®?)/q s L{M®?) by 

£' : = {{ z n ® 1 + 8{n £ 0)(1 <g> z n ))&; n G Z> , 6 G B (M® 2 )}. 

Here, for a statement P, we define 5(P) by 



6{P) 



Then P/ is linearly independent. 



1 if P is true, 
if P is false. 



Lemma 11.1. We have B' C L{N)/q s L(N). Moreover, (L(N), B 1 ) 
and (L(N'), B') are a crystal base of N and N' , respectively. 
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Proof. It is enough to show that B' C L(N)/q s L(N) and B' is a basis 
of L(N')/q s L(N'). Since i?o(M^ 2 ) is a minimal subcrystal invariant 
by z ® 2, we have B (M®£) C L(N)/q s L(N). Since L(N)/q s L(N) is 
invariant by z n ® 1 + 1 <8> -2™, we have £?' C L(N)/q s L(N). It remains 
to prove that £>' generates L(N')/q s L(N'). 

Since i? 110 ™ = 1 on N', we have R nmm = 1 on L(N')/q s L{N'), and 
hence L(N')/q s L(N') C F := {v e (L(M aS )/q s L(M aS ))® 2 ; R m (v) = 
v}. 

Since the action of i? norm on (L(M aff )/g s L(M aff )) 02 = Q® B ( M *«)® 2 i s 
given by i? comb , we can see easily that B' is a basis of F. Q.E.D. 

Proposition 11.2. N = N' and it has a global basis {G(b); b e B'}. 



Proof. We shall apply Theorem 6.2 for A" and A 7 . Set 



Nq := U q (g) Q [(z ® z) ±x , z ® 1 + 1 ® z](« ® u) C M a ® 2 , 

and similarly for A^. Set 5 = Wt(M® 2 ) \ (W(2X) + Z5). For £ = 
2w\+n5 (w eW,ne Z), setting H = ® u+ ^ =n K (z v ® z^ + z^ ® z v )u®\, 
we have H C C Nl C H. Hence A^ = Nt = H, and the condition 



(iv) in Theorem |6.2| is satisfied for A" and N'. The condition (v) follows 
from the fact that the weight of any extremal vector of _B(M a fj )® 2 is in 



W(2X) + 1,5. Hence all the conditions in Theorem ^T2] are satisfied for 
iV and A 7 , and both N and N' have a global basis. These two global 
bases coincide, and hence iV = N'. Q.E.D. 

Corollary 11.3. If by, b 2 E B(M) aS satisfy H{b x ® b 2 ) = 0, then 

G(b 1 ®b 2 ) e U q (g) Q [(z® z) ±x ,z ® 1 + 1 ® z]{u®u). 

Moreover, denoting by N Q the vector sub space generated by {G(bi ® b 2 ) ; 
H(b\ ® b 2 ) = 0}, one has 

U q (Q)®[(z g> z) ±x , z <g> 1 + 1 g> z](w ® u) = Q[z (8) 1 + 1 ® z] ® Q A" , 
M aff 02 = Q[z ±: ® 1, 1 ® z* 1 ] ® Q [( 202 )±i] A^o = Q^ 1 ® 1] ® Q Ao- 

12. FOCK SPACE 



12.1. Some properties of good modules. In [0, we defined the 
wedge spaces and the Fock spaces for a finite-dimensional integrable 
{7q(fl)-module V. In that paper, we assumed several conditions on V. 
In this section, we shall show that all those conditions are satisfied 



whenever V is a good module with a perfect crystal base. In |13 
we employed the reversed coproduct. Adapting the notations to ours, 
those conditions read as follows. We set A" := U q (g)[(z <8> z) ±Y , z ® 1 + 
1 <g> z\(u ® u) C (Kg)® 2 with an extremal vector u of V of weight A. 
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(G) V is good. Let (L, B) be the crystal base of V. 
(P) B is a perfect crystal. 

(L) Let s: Q — > Z be the additive function such that s(ati) = 1, and 
£: B a s — > Z be the function defined by £(6) = s(wt(6) — wt(w)). 
Then one has 

H(b 1 ®b 2 ) <0^£(h) <£(b 2 ). 

(D) ip G l+g s 2.A[£]. Here ip(x/y) is the denominator of the normalized 

.R-matrix R QOTm :V x ®V v ->V y ® V x . 
(R) For every pair (bi,b 2 ) in _B af j with If(&i ® b 2 ) = 0, there exists 

Cb u b2 £ N of the form 

C 6l>62 = G{h) G(b 2 ) - a b >, b >G(b[) ® G(6' 2 ). 

Here the sum ranges over (b^, 63) £ -^aff sucn that 

<g> 6 2 ) > 0, 

£(h) < £(b\) < £(b 2 ), 

1(h) < £{b' 2 ) < £{b 2 ), 
and the coefficients ay y belong to Q[g s ,g s -1 ]. 



Theorem 12.1 ([|TJ). We assume (G), (L), (D) and (R). TTien tfie 

m 

wedge space A^aflf a frasis {(7(&i) A - • ■A(j(6 m )} ) where (b\, . . . ,b m ) 
ranges over (B a g) m with H(bj ® &7+1) > (j = 1, . . . , m — 1). 



For the other consequences and the Fock space, see § |12.2| , § [12.3 



and JH||. 

In this section we shall prove the following theorem. 

Theorem 12.2. Assume that V is a good U'(q) -module. Then all the 
properties above except (P) are satisfied. 

In fact, we shall prove here a little bit stronger results. In the sequel, 
we assume that V is a good U' q (g) -module. The property (D) has al- 
ready been proved in ( 10.1 ). The following lemma immediately implies 
(L). 

Lemma 12.3. If Hfa <g> b 2 ) < 0, then wt(& 2 ) - wt(&i) G Q + . 

Proof. By (gUg[), we have g(6i ®fr 2 ) = wt(6 2 ) - wt(6i) +H(b 1 ®b 2 )5 G 
Q+. Hence if ® b 2 ) < 0, then wt(6 2 ) - wt(&j) G Q+. Q.E.D. 

In order to prove the remaining property (R), we shall prove the 
following result on global bases. 
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Proposition 12.4. Assume H{pi (862) = 0. Write 
(12.1) G{b x ® 6 2 ) = £ a^G^) ® G(6 2 ). 

b' 11 6^6S(M)aa 

Taen we /jane 

^61,62 1) 

If a b' lt b' 2 7^ 0, t/ien 

wt(6i) G (wt(&i) + Q+) n (wt(6 2 ) - Q+\ 

wt(6 2 ) G (wt(6i) + Q+) n (wt(6 2 ) - 

Moreover wt(6^) = wt(6i) implies (b[,b 2 ) = (61,62), and wt(&i) = 
wt(6 2 ) implies {b'^b' 2 ) = (6 2 ,6i) 

Proq/. We have seen wt(6' 1 ) G wt(6i) + Q+, wt(6 2 ) G wt(6 2 ) — Q+. 
and wt(6' 1 ) = wt(6i) implies (6i,6 2 ) = (61, 6 2 ). 

Since i? norm G(6 1 <g> 6 2 ) = G(6i®6 2 ), and c norm G(6i <g> 6 2 ) = G(6i®6 2 ), 
we have rCr(6i ® 6 2 ) = G(6i ® 6 2 ) by Hence we have 

G{h ® 6 2 ) = ? (A ' A) " (wtb ' 1 ' wt ^ ) ^G'(6 2 ) ® G(6;), 

bi,6^ei?(M) aff 

which gives ab 2 ,b[ — g( A > A ) _ ( wt6 'i ^2 ) a b , ^7 . Hence we obtain the remain- 
ing assertions. Q.E.D. 

Conjecture 12.5. Conjecturally, we have -HX&i ® 6 2 ) > if a&' ^ 7^ 0. 
Let us set 

/+(&) = {6'G J B aff ;wt(6')-wt(6)Gg + \{0}}U{6}, 
/_(&) = {6' G J B aff ;wt(6)-wt(6')Gg + \{0}}U{6}. 

The following lemma immediately implies (R). 

Lemma 12.6. For every pair (6 1; 6 2 ) in B^, there exists C&^&j G N 
of the form 

C bub2 = C(6i) ® G(6 2 ) - a b' x ,v 2 G { b 'i) ® G(b' 2 ). 

Here the sum ranges over (6^,63) G -B^fr snc/i i/iai H(b[ ® b' 2 ) > and 
6^,63 G /+(6i) fl J_(6 2 ) ; and £ne coefficients a&^y belong to Q[a s ,g s -1 ]. 
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Proof. We shall prove this by the induction on £(62) — £{bi)- Note 
that the assertion is trivial when H(b\ ® b 2 ) > 0. We may assume 
H{h ® 6 2 ) < 0. Then (L) implies £{b 2 ) - £{h) > 0. 

Set n := -H{h ® b 2 ). Then H{z n b x ® b 2 ) = 0. Hence G(z n bx ® b 2 ) G 
N. By Proposition |12.4| , we can write 

G(z n h ® 6 2 ) = « n G(&i) (8) G(6 2 ) + a K& G ( h 'i) ® G ^2) 

b[,b' 2 

where the sum ranges over (b[, b 2 ) with b[, b 2 G I + (z n bi) PI I-{b 2 ) and 
6' x 7^ 2 n 6i. In particular, one has £(z -n 6^) > £(61). Then, 

® 1 + 5(n > 0)1 ® ^- n )G'(2 n 6 1 ® 6 2 ) 
= G(6i) <g> G(6 2 ) + <J(n > 0)G(^ n 6i) <g> G(z~ n 6 2 ) 

+ ^ (G(z~%) ® G(6' 2 ) + <J(n > 0)G(b[) ® G(^- n 6 2 )) 

(b'i^)e/ 

belongs to N Q = N n (M® 2 ) Q . Hence, modulo iV Q , ® G(6 2 ) is a 

linear combination of G(z n h) ® G(z~ n & 2 ) (n > 0), G(«~ ri 6i) <g> G(6 2 ) 
and ^(6;) ®G(2- n 6 2 ). 

When n > 0, we have £{z' n b 2 ) - £(z n W) < £(b 2 ) - £{h), and the 
induction hypothesis implies that G{z n b\) ® G(z~ n b 2 ) is, modulo Nq, 
a linear combination of G(b'() ® G(6 2 ) with H(b" ® b 2 ) > and b'(, b% G 

7+^60 n/_(z- n 6 2 )c/ + (6 1 )n/_(6 2 ). 

Similarly, we have ^(6 2 ) — £(z~ n b[) < £(b 2 ) — £{pi). Hence, modulo 
Nq, G(z~ r %) ® G{b' 2 ) is a linear combination of G(b") ® G(6 2 ) with 
77(6'/ ® fc 2 ') > and &£', & 2 ' G i+(z- n &i) n 7_(6 2 ) c 7 + (6 x ) n 7_(& 2 ). 

Finally, since £{z~ n b' 2 ) - £{b[) < £{b' 2 ) - £{z~ n b\) < £{b 2 ) - £{b x ), 
the induction hypothesis implies that G(b[) ® G(z~ n b' 2 ) modulo Nq 
is a linear combination of G(b") ® G(6 2 ) with 77(6'/ (g) 6 2 ) > and 
6' 1 ',6 2 / G7 + (6' 1 )n7_(^6 2 )c7 + (6 1 )n7_(6 2 ). " Q.E.D. 



12.2. Wedge spaces. Let us recall the construction of the wedge 
space in |13[]. Let V be a good [/'(fl)-module with an extremal global 
basis m. Let us set 

(12.2) N = U q (o)[(z®z) ± \z® 1 + 1® z](u®u) C V^ 2 , 

m-2 

(12.3) N m = V ^ j ® ^ ® ^® (m ~ 2_j) C K® m . 

i=o 

The wedge space /\ m I4s is defined by 

m 

/\V« = VT/N m . 
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For v i, . . . , v m G Kff, let f i A • ■ ■ A f m denote the image of V\ <S> ■ ■ • <S> v m 
by the projection V® m -> A m Kff. Let L(A m Kff) C A™ Ks be the 
image of L{V^ m ). For 6 = h <g> • • • <g> 6 m G 5(Kf m ), we set 

GP urc (6) =G(6!) A-AG(6 ro ). 

For 6 G 5(\/| m ), let G(6) be the global basis of V® m and G A {b) be 
its image in /\ m V^g. We set 



'aff J) 



<8> £>h-i) > for v = 1, . . . , m — 1}. 
Then in ||13f , the following properties are proved 

(i) {GP ure (6) ; 6 G 5(A m Kff)} is a basis of L(/\ m V aS ). 

(ii) Identifying B(/\ m V aS ) with a subset of L(/\ m V aa )/q s L(/\ m V afi ) 
by GP ure , (L(A m Kff), 5(A m Kff)) is a crystal base of /\ m V aS . 

On the other hand, the following proposition follows from Proposi- 
tion 



Proposition 12.7. Forb x G B(V® mi ) andb 2 G B(V^ m2 ), one has the 
equality in y^ mi+m2 *> 

G(h ® b 2 ) = G(h) ® G(6a) + ]T C6/^G(6i) ® G(6' 2 ). 



i/ere tfae sm ranges over (b' v b' 2 ) G S(K| mi ) x 5(Kff) such that 
wt(6' 1 ) — wt(&i) = wt(&2) — wt(fe 2 ) G Q+ \ {0} ; and t/ie coefficients 
satisfy c b > iib > 2 G g s Q[g s ]. 

Set 

B (VT) = {h®---®b m e B(V® m ); H{b u ® 6^+0 = 

for v = 1, . . . , m — 1}, 

iV° = KG{b). 

beB (v® m ) 

The similar arguments as in Proposition 11.2 and Corollary [11. 3| 
show the following proposition. 



Proposition 12.8. 



{U q (g)®Q[zf\... iz^^u®" 1 



Q[(zi-^m) ±1 ] 
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Here z v is the automorphism of V^T 1 induced by the action of z on the 
v-th factor, and Qfz^ 1 , . . . , z^ 1 ] 87 ™ * s ^ e r ^ n 9 °f symmetric Laurent 
polynomials. 

In particular, for any Laurent polynomial f(zi, . . . ,z m ) symmetric 
in (z u ,z v +i) for some v, 

f(z u ... ,z m )N° m C N m . 

Since N m is a Qlzf 1 , . . . , z^ 1 ] sym -module, /\ m Kfr has a structure of 
a Qfz^ 1 , . . . , z^-\ sym -module. We denote by B n the operator on /\ m Vgg 
given by Yl™=i z u- Then the B n 's commute with one another. 

Lemma 12.9. For any b G B(V^ m ), one has either G A (b) = or 
G A (b) = ±G A (b') for some b' G B(/\ m Kff)- 

Proof. Set b = z ai b x <g) •• • ® z am b m with H(b u <g> &„ + i) = 0. Then we 
have by Proposition |12.8| 

G(b) = ±G{z a °wbi ® ■ ■ • ® 2 a -< m )6 m ) 

for any permutation a. Hence we may assume that (a±, . . . , , a m ) is a 
decreasing sequence. If there is v such that a v = a u+ i then G{b) G 
N m by the preceding proposition. Otherwise b belongs to B(/\ m V^s). 

Q.E.D. 

12.3. Global basis of the Fock space. The purpose of this subsec- 
tion is to define the global basis of the Fock space. 

Let us now assume that V is a good £7'(g)-module with perfect crys- 
tal base (L, B) of level £. Let us recall that a simple crystal B is called 
perfect of level I if it satisfies the following conditions. 

(PI) Any b e B satisfies (c,e(b)) = (c,<p(b)) > I. Here e(b) = 
EMb)cl(Ai) G P d and <p{b) = Ei^(&)cl(Ai) G P cl . 

(P2) Set pf = {A G P c i ; (c, A) = £ and (ft*, A) > for every i}, the set 
of dominant weights of level £, and -B m i n = {b G £>; (c, e(fe)) = £}. 
Then the two maps 

e-.B^^Pf and p : P min — > P c ( f } 
are bijective. 

For example, the vector representation of A„ is a good 6^(fl)-module 
with a perfect crystal base of level 1. Let (P a ff)mm be the inverse image 
of -B m in by the map £> aff — > B. Let us take a sequence {6„}„ e z in 

(Paff)min SUch that 

<p{b°) = an d P(6 n ° ® 6°_ x ) = 1. 
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Such a sequence is called a ground state. Take a sequence {X n } ne z in 
P such that 

A„ = A n _x + wt(6°) and cl(A n ) = <^(6°) = e^J. 

In |13| , the Fock spaces jF r (r G Z) are constructed, and they satisfy 
the following properties. 

(Fl) T T is an integrable f/ g (g)-module. 
(F2) Wt(J>) C A r + Q_. 

(F3) There exist L^(g)-linear endomorphisms _B n (n G Z \ {0}) of 
jF r with weight n5 satisfying the boson commutation relations 
[B n , B m ] = 5- n , m a n for some a n e K \ {0}. 

(F4) There exists a C/ g (g)-linear map • A • : T r ® /\ m Ks - > -Tv-m sucn 
that {u A v) A v' = u A (v A v') for w G v G f\ m V a s and 

t/ g A m ' Kff. 

(F5) £ n (w Ad) = (B n u) Av + uA (z n v) for n G Z \ {0}, uGf r and 

(F6) There is a non-zero vector vac r G T r of weight A r , (J- r )\ r = Kv&c r . 

Moreover one has vac r+ i A G(b°) = vac r . 
(F7) {u G T r ; -B ra M = for any n > and e^M = for any i} 
= Kvai r . 

(F8) Let K[B_x, S_ 2 , . . .] = tf[fl n ;n ^ 0]/(E m>0 AT[B n ; n ^ 0]S m ) 
be the Fock space of the boson algebra. Then K [B_i, B_ 2 , . . . ] <8> 
V(X r ) T r as a K[B n ;n 7^ 0] <8> i7 g (fl)-module. Here 1 ® u\ v 
corresponds to vac r . 

(F9) Let B(T r ) be the set of sequences {b n } n > r satisfying 

H{b n+ \ ® b„) > for any n > r, 
b n = b° for n » r. 

For b = {b n } n > r G B{F r ), set G pure (b) = vac n A C(6 n _i) A • • • A 
G(6 P ) for n » r. Then {G puro (6) ; b G S(^ r )} is a basis of 
(F10) Set L(T r ) = (J vac n A L(A n " r Kff)- Then {L{T r ),B{T r )) is a 

crystal base of Here B(T r ) is identified with a subset of 
L{T r )/q s L(T r ) by Gp™. 
(Fll) /fva^^vac^AG^;). 

Now we shall show that the Fock space T T has a global basis. 
First let us define a bar involution c on T r such that 

(12.4) c(vac r ) = vac r , 

(12.5) [B n , c] = for any n > 0. 
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By there exists a unique bar involution on T r satisfying the con- 
ditions above. Note that c o B- n o c = 7I^a n ~ 1 B_ n for n > 0, since 
[B n , a n ~ 1 B_ n ] = 1 implies a n ~ l B_ n is c- invariant. 
We set 

m—r 

(.7>)«2 = ^ vac m A f\ (Kfr)Q- 

Lemma 12.10. Let b :=b\® ■ ■ ■ ®b m be an element of B®^ 1 . 

(a) IfH(b° ® 6i) < 0, t/ien vac r A G A (b) = vac r A G purc (b) = fcoM 

(b) vac r+1 A G A (b° ® 6) = vac r A G A (6) . 
Proof, (a) We have 

G(6) = 5]tv 1 , y G?(6 , 1 )®G?(6'), 

where the sum ranges over 6^ G -B a ff and 6' G B 3 fi®( m ~ 1 ') such that 
wt(6i) - wt(6i) G Q+. Since #(6 r ° ®6i) < 0, we have £(& r °_i) < £(h) < 
£(b[) by Lemma 4.2.2 in |TJ. Since Wt(.F r _i) C A r _i + Q_ by (F@), 
one has vac r AG(6' 1 ) = 0. Hence we obtain vac r AG A (b) = 0. The proof 
of vac r A G purc (b) = is similar, 
(b) The proof is similar. One has 

G(b° r ® b) = G(b° r ) <g> G(b) + %,b>G(b' ) ® G(6'), 

where the sum ranges over b' G 5 a fj and 6' G B^e® 171 such that wt(6(,) — 
wt(6°) G Q+ \ {0}. Then by the same reasoning on the weight of 
Wt(^>), we have vac r+1 A G(b' ) = 0. Q.E.D. 

By the lemma above, for b = {b n } n > r G B{T r ), 

G(b) := vac m A G A (6 m _i ® • • • ® 6 r ) 

does not depend on m such that = 6° for j >m. 

Lemma 12.11. {G(b) ; b G _B(.7>)} is a basis of the A-module L(J- r ). 

Proof. Since b = G{b) modg s L(J>), {G(b) ; b G 5(JF r )} is linearly 
independent. Hence it is enough to show that it generates L{T r ). 
Let &=(&i,..., 6 m ) G B(/\ m Vgg). For any integer iV, we can write 

G purc (6) = J2 a b'G A ( b ') + ^cv,G vuvc {b"). 

v b" 

Here b' ranges over ^(V^" 1 ) and b" = b" <g> ■ ■ ■ b" m ranges over B(V^ m ) 
with £(b'() > N. Taking £{b^ +r _ x ) as N, one has vac m+r AG pure (6") = 0. 
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Hence one has 

vac m+r A G pnTC (b) = ^2 a 6 >vac m+r A G A (b'). 
veB(v® m ) 



Now it is enough to apply Lemma 12.6 and Lemma 12. 1C. Q.E.D. 



Theorem 12.12. {Gib) ;b G B{F r )} is a global basis of ' T r . 

Proof. It remains to prove that the G(6)'s are invariant by the bar 
involution c. Let E be the vector space over Q generated by {Gib) ; b G 
B{F r )}. Then vac r+m A G A (6) is contained in E for any b G B(V^ 



by Lemma |12.9| and Lemma |12.10| . We define the involution c' of T T 

by 

c'(v) = v for any v G E and 

c'(av) = ac'iv) for any w£f r and a E K. 

We shall show that c' = c. In order to see this, it is enough to show 
the following properties: 

(12.6) c'(vac r ) = vac r , 

(12.7) c' commutes with B n if n > 0, 

(12.8) c'(av) = ac'iv) for any v G J> and a G U q (g). 

The property (|12.6|) is obvious. 

Let us first show that c' commutes with B n (n > 0). This follows 
from the fact that _B n (vac r+m A G A (6)) = vac r+m A B n G A ib) holds for 
b G Bif\ m Kfr), and the fact that B n G A ib) belongs to E. 

Let us show ( |12.8j ). We have evidently q h o c' = c' o q~ h for every 
/i G P*. 

The conjugation c' commutes with e«, because, for 6 G 5(^>), eiGib) 
belongs to Q[g s + g^T 1 ] <8> £7. 

Finally, let us show that c' commutes with f^. To see this, we shall 
prove fic'(v) = c'(fiv) for any weight vector v G J- r by the induction 
on wt(t>). For any j G J, one has, by using the commutativity of c' and 
e,- 



e^c'^-c'^)) 



*j - V 

% - ft 



)c'M 



J '((/i e j + $ 



U - t. 



-1 



Qi - ft 



fic'iejv) - c'ifiejv). 



Since this vanishes by the induction hypothesis, fic'(v) — c'(fiv) is a 
highest weight vector. Similarly it is annihilated by all the B n 's (n > 0). 
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Since the weight of fic'(v) — c'(fiv) is not A r , it must vanish by (F^). 
Thus we obtain ( ggg ). Q.E.D. 

Reamrk In the case when g = An^ and V is the vector representation, 
the global basis of the Fock space was introduced by B. Leclerc and J.- 
Y. Thibon (|TJ|, [T3J). D. Uglov (|2(J) generalized this to the case when 

q = An © Ai^and V is the tensor product of the vector representations. 
The connection of global bases of Fock space and Kazhdan-Lusztig 
polynomials are also studied by M. Varagnolo-E. Vasserot (|21[) and 
O. Schiffmann (@). 

13. Conjectural structure of V(\) 

In this section, we shall present conjectures that clarify the structure 
of ^(A) and its crystal base -B(A) for A 6 P°. The paper by Beck, 
Chari and Pressley (M) should help to solve them. These conjectures 



are closely related with those of G. Lusztig ([p~8|j). 



Let A be a dominant integral weight of level 0. We write A = 
J2iei v m i w i- Then the module ® ie i QV V (rriiZUi) contains the extremal 
vector (g) u mm whose weight is A. Here we can take any ordering of 

Iqv to define the tensor product. Hence we have a £7q(g)-linear mor- 
phism 

$ A : V{\) -> ® l&IoW V{m l w i ) 
sending u x to ® u m ^ % . 

«G/ v 

Conjecture 13.1. (i) $a is a monomorphism. 



ii 



^ x 1 {® l ei^L(m l w i )) = L{\). 



(iii) By we have an isomorphism of crystals 



Next we shall consider the case when A is a multiple of a fundamental 
weight. There is a morphism of [7 g (g)-modules 

sending u mvJi to u®" 1 . Let be the L^(g)-linear automorphism of 
V{wi) of weight did introduced in § ^2| , and let z v {y = 1, ... ,m) 
be the operator of V{wi)® m obtained by the action of Z{ on the z/-th 
factor. It is again a [/'(g)-linear automorphism of V(wi)® m of weight 
did. Let B (mix>i) be the connected component of B{mWj) containing 
Umvji-, and let B (V(zUi)® m ) be the connected component of B(zUi)® m 
containing w® m . 
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Conjecture 13.2. (i) \l/ m j is a monomorphism. 

(ii) ^L(V(^r m ) = L(mwi). 

(iii) B (mwi) B Q (V{wi)® m ) by V m>i . Moreover the global basis 
G(b) with b G BQimWi) is sent to the corresponding global basis 
of t/ ? (g)< m C W(wi)f™ constructed in Theorem |J. 



(iv) Let S be the set of Schur Laurent polynomials in z\, . . . , z m , i.e. 
the set of characters of GL{m) ((zi, . . . , z m ) being the components 
of the diagonal matrices). Then {G{b) ;b G B{mwi)} is by ^ m ,i 
sent to {aG(b); b G B (V(wi)® m ), a G S}. 

Note that, for a, a' E S and 6, 6' G £ (V(wi)® m ), aG(b) = a' G(b') 
holds if and only if a' = [z\ ■ ■ ■ z m ) r a and b = (z\ ■ ■ • z m ) r b' for some 

reZ. 

These conjectures imply the following conjecture on U g (g) analogous 
to Peter- Weyl theorem. For A G P, let B (X) be the connected compo- 
nent of -B(A) containing u\. Note that if (c, A) ^ 0, then -Bo(A) = B(X). 
We consider Uasp-^o^) x B(—X) as a crystal over © g. The Weyl 
group W acts on U AeP B (X) x B(-X) by S* x S* : B {\) x B{-\) -> 
B (wA) x fi(-wA). 

Conjecture 13.3. (Uagp 5 o(A) x fi(-A)) B{U q {g)) as a crystal 

over 0X0. 

Here the usual crystal structure on B(U q (g)) corresponds to the one 
of -Bq(A) and the star crystal structure on B(U q (g)) corresponds to the 
one of B(— A). The isomorphism sends u\ (B) b E B (X) x £>(— A) to 
6* G 5(^(0)). 

Appendix A. 

In this appendix, we shall give a proof of ( |6.2| ) due to Anne Schilling. 
Let us define 

n-l 

(a) n = (a; q) n = JJ(1 - a<f ). 

i=0 

Then in terms of (a; g) n , the g-binomial in this paper is given as 



m 
n 



q 



n(n—m) (? ) Q ) 



2 ;<? 2 )n(g 2 ;g 2 ) m -n' 

Hence replacing n — > 2n and g — > g 1 / 2 in ( |6.2|) , it reads as follows: 
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(A.l) 



(q) t—m+k 

{ ~ } 1 Tn\ ,(n\ n .,(n\,(n\ r , 



k=0 



{q)m-k{q)2n+k{q)k{q)t-m 

m—k 



k=0 



(?)*(?) 



m—k 



Proof. Using §, 1. 10] 



{a)m _ k = jgOm ( _g )fc ®-mk 

the equation ( |A. 1| ) may be rewritten in hypergeometric notation as 

( n 2n+l\ 
—nm, vi 



(g)r 



^ 3 $ 2 



„— m „n n £—m+l 

q i q i q 



q 2n +\0 



(q 



n+l\ 



(q)r 



2$1 



q > q . /_ m _2n+i 



9 



However, this formula readily follows from []5], III. 7] with the replace- 
ments 



n — > m, 6 — > <f\ c — > g n m , z — >■ g 



£-m-2n+l 



Q.E.D. 



Appendix B. Formulas for the crystal 5(C/ ? (g))) 

In this table, bi G B(oo), b 2 G S(-oo), X e P, b = h ® t x <3 b 2 , 
Xi = (hi,X) and wti(fei) = wt (&],)). 

6* = b\ (g> t-A-wt(bi)-wt(fe 2 ) ® ^2 ) 

£i(b) = max(e i (6 1 ), Si(b 2 ) - A« - wtj(6i)) , 
V*(6) = max(</? i (6 1 ) + A* + wti(6 2 ), ¥>i(6 2 )) , 
wt*(6) =wt(6*) = -Ai, 
e*{b) = max(ej(6i), y?*(6 2 ) + Aj) , 
= max(e?(6i) - Aj, ^*(6 2 )) , 

{ e,jbi®t x ®b 2 if (Pi(h) > £i(b 2 ) - \i , 
\ 61 <g> £a ® ej6 2 if <£>i(&i) < £ i( fo 2) - Aj , 
\ fih ®t x ®b 2 if ¥><(6i) > Ei{b 2 ) - Xi , 

1 b x ® t x <g> /i&2 if < £#2) - Aj , 




e*b 



f*b 
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' e*6i <g> t x - ai ® b 2 if £• (61) > y?*(& 2 ) + A, , 
. h <g> t A _ Qi <g> e*fc 2 if ej(6i) < ^(6 2 ) + \i , 
f*h ® t A +a, <E> & 2 if ej(6i) > <P*{b 2 ) + K , 

&1 ® tA+a, ® j?&2 if £?(&l) < ^(62) + Aj , 



l* max b 



gmax & = gmax 6i <g, ^ <g, g.c &2 

where c = max(£j(6 2 ) — <^i(&i) _ Aj, 0), 

r x 6 = /i c 6i ® t x ® fr x b2 

where c = max(</?j(&i) - £j(& 2 ) + A;, 0) , 

g* max ^i ® t x _ {ipUb2)+Xi)ai ® e*^~^ + H 2 
if - <f*(b 2 ) - Aj < , 

e* max &i ® *a- £ *( 6i k ® &2 

if e?(6i) - ^(62) - A* >0, 

f ^*-n^)-^(^)-A, 6l W(£|(6i) _ Ai)aj ^ 

if e^O-^^-Ai^O, 

if e?(6i) -^(62) -Ai<0. 
Assume now b = b± ® t A ® tt-oo- If 6 is extremal, 

/^PO+Hi ® t A ® 



y*max^ 



5,6 = 
If 6* is extremal, 
5*6 = 



4 6i ® *a ® er^ 60- ^ 



if £i(b) = 0, 
m_oo if = 0. 

if e?(6) = 0, 
iftf(6) = 0. 
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